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14. Josephson effect 4+4+4+4+4 Punkte

Electron tunneling between two superconductors has two kinds of contributions. One is due to
tunneling of single particles, as in the case between two metals or between metal and supercon-
ductor. The other is tunneling of pairs, which gives rise to the Josephson effect. The notation
is the same as in problem 13. There, we showed that the single particle tunnel current can be
expressed as

Isingle = e

∫ ∞

−∞

dt′Θ(t− t′)
{

eieV (t′−t) 〈[A(t), A†(t′)]〉 − eieV (t−t′) 〈[A†(t), A(t′)]〉
}

.

where the operator A is defined as

A =
∑

k,p

Tk,pc
†
kcp .

In the case of tunneling between two superconductors, there is another contribution

Ipair(t) = e

∫ ∞

−∞

dt′Θ(t− t′)
{

e−ieV (t+t′)〈[A(t), A(t′)]〉 − eieV (t+t′)〈[A†(t), A†(t′)]〉
}

.

In the following, we evaluate the voltage and time dependence of this pair contribution to the
tunnel current.

a) The most unusual feature of this expression is the fact that the time dependence in the
exponential functions is t+t′. Rewrite this as 2t+t′−t and change the variable of integration
to t′′ = t− t′. Show that the pair current can be expressed as

Ipair = 2e Im
[

e−2eiV tC+
A,A(eV )

]

.

Here, C+
A,A(eV ) is the Fourier transform of the retarded correlation function

C+
A,A(t) = −iΘ(t)〈[A(t), A(0)]〉 .

b) In order to calculate the retarded correlation function C+
A,A(eV ), we start from the Mat-

subara function

Cτ
A,A(iωn) =

∫ β

0
dτ eiωnτ 〈TτA(τ)A(0)〉 .
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Show that

Cτ
A,A(iωn) = 2

∑

k,p

Tk,pT−k,−p T
∑

ǫl

F
†
L(iǫl, ξk)FR(iǫl − iωn, ξp) .

Here,

F (iǫl, ξp) = 〈c−p,↓(−iǫl)cp,↑(iǫl)〉 , F †(iǫl, ξp) = 〈c†p,↑(−iǫl)c
†
−p,↓(iǫl)〉

are the (1,2) and the (2,1) element of the Gorkov Green function matrix

G(iǫl, ξp) =
1

(iǫl)2 − ξ2p − |∆0|2





iǫl + ξp −∆0

−∆0 iǫl − ξp



 .

Note that for the evaluation of F †
L(iǫl, ξk) the order parameter in the Gorkov Green function

is ∆L instead of ∆0, and ∆R instead of ∆0 for the evaluation of FR(iǫl, ξp).

c) Use spectral representations

F †(iǫl, ξk) = ∆L

∫

dω

2π

A(ω, ξk)

iǫl − ω

and

F (iǫl, ξp) = ∆R

∫

dω

2π

A(ω, ξp)

iǫl − ω

for both Green functions to evaluate the Matsubara sum in the expression for Cτ
A,A†(iωn).

You will have to perform a partial fraction decomposition and to make use of the identity

T
∑

ǫl

eiηǫl

iǫl − ξk
= nF (ξk) .

Show that Cτ
A,A†(iωn) is given by

C+
A,A(iωn) = 2∆L∆R

∑

k,p

Tk,pT−k,−p

∫ ∞

−∞

dǫ

2π

dǫ′

2π
A⋆(ǫ, ξk)A(ǫ

′, ξp)
nF (ǫ)− nF (ǫ

′)

iωn + ǫ− ǫ′
.

d) Show that the spectral function depends on ξk only via λk =
√

ξ2k + |∆0|2, and that it is

given by

A(ǫ, λk) = 2π
1

2λk

[δ(ǫ− λk) − δ(ǫ + λk)] .

Use this expression for the spectral function and make use of the momentum independence
of tunnel matrix elements. Show that in the limit of zero temperature and after analytical
continuation iωn → ω + iη the retarded correlation function is given by

C+
A,A(eV ) =

1

2

∣

∣∆L∆RT
2
0

∣

∣ eiϕ
∑

k,p

1

λkλp

[

1

eV − λk − λp

−
1

eV + λk + λp

]

.

2



e) Assume now that |∆L| = |∆R| ≡ ∆0. Convince yourself that for eV < 2∆0 the δ-function
part in C+

A,A vanishes and that for the same reason there are no singular contributions to
the momentum sums. As a consequence, one can write

C+
A,A(eV ) =

1

2e
JS(eV )eiϕ ,

where JS(eV ) depends smoothly on voltage for eV → 0. Show that in this notation the
pair contribution to the tunneling current is given by

Ipair = JS(eV ) sin(ωt+ ϕ) with ω =
2eV

~
.
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