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1. Field operators 5 Punkte

The operators a†k and ak create or annihilate single particle states with momentum k, respective-

ly. They obey the commutation relations [ak, ak′ ]ζ = 0, [ak, a
†
k′ ]ζ = δk,k′ with ζ = 1 for bosons

and ζ = −1 for fermions. The field operator Ψ(x) is defined as the Fourier transform

Ψ(x) =
1√
L

∑
k

ak e
ikx .

Show that Ψ(x) and its Hermitian conjugate Ψ†(x) obey the commutation relations

[Ψ(x),Ψ†(y)]ζ = δ(x− y) .

2. Second Quantization with field operators 10 Punkte

A many-particle state is described by the Hamiltonian

H =
N∑
j=1

− ~2

2m

∂2

∂x2j
+ V (xj) +

∑
i<j

V (xi − xj) ,

and the wave function ϕα(x1, x2, ..., xN ) is an eigenstate of H with eigenvalue Eα. In second
quantized notation, the wave function ϕα is described by a state vector

|ϕα〉 =

∫
dx1dx2...dxN ϕα(x1, x2, ..., xN ) Ψ†(x1)Ψ

†(x2)...Ψ
†(xN )|0〉

with commutation relations of Ψ, Ψ† as in probelm 1 supplemented by the condition that the
operator Ψ(x) annihilates the vacuum state Ψ(x)|0〉 = 0. In second quantization, the Hamilto-
nian reads

Hs =

∫
dxΨ†(x)

(
− ~2

2m

∂2

∂x2j
+ V (xj)

)
Ψ(x) +

1

2

∫
dxdyΨ†(x)Ψ†(y)V (x− y)Ψ(y)Ψ(x) .

Show that

Hs|ϕα〉 = Eα|ϕα〉 .

1


