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7. Lehmann representation 3+3+3+3 Punkte

Derive the Lehmann representation for the retarded correlation function

C+

X̂1X̂2
(t) = −iΘ(t)〈[X̂1(t), X̂2(0)]ζX 〉

and for the time-ordered correlation function in imaginary time

Cτ
X̂1X̂2

(τ) = −〈T̂τ X̂1(τ)X̂2(0)〉 .

a) Express the expectation value in the definition of the two correlation functions as a trace

over the statistical operator e−β(Ĥ−µN̂) using exact eigenstates {|Ψn〉} of the full Hamil-
tonian. Insert a resolution of unity between the operators X̂1 and X̂2 to express the time
evolution of X̂1 in terms of eigenvalues Kn of K̂ = Ĥ − µN̂ .

b) Calculate the Fourier transforms

C+(ω) =

∫ ∞
−∞

dt eiωt−η|t| C+(t)

and

Cτ (iωn) =

∫ β

0
dτeiωnτ Cτ (τ) .

by using the representations derived in part a). The imaginary time correlation function
is (anti-) periodic with period β according to Cτ (τ + β) = ζXC

τ (τ) and can be Fourier
transformed with respect to bosonic/fermionic Matsubara frequencies.

8. Fourier Transform of Lorentzian 5 Punkte

Calculate the Fourier integral ∫ ∞
−∞

dω

2π
e−iωt

Γ

ω2 + Γ2
.

Use contour integration over a semi-circle (close the semi-circle in the lower or upper half plane
depending on the sign of t) in connection with the residue theorem. Assume Γ > 0.
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