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4. Unitarity and Time-Reversal Symmetry I 3+3+3 Points

In the following, consider the single-channel scattering matrix S that maps the amplitudes of
incoming states (iL, iR, where L: left, R: right) to amplitudes of outgoing states (oL, oR) of
some scattering region, (

oL
oR

)
=

(
r t′

t r′

)(
iL
iR

)
, where S =

(
r t′

t r′

)
.

In the absence of magnetic fields or magnetic impurities, the Hamiltonian entering the Schrödinger
equation obeys time-reversal symmetry (TRS): this tells us, that under t→ −t, for every soluti-
on ψ of the Schrödinger equation, ψ∗ is a solution to the time-reversed equation (for simplicity,
the spin degree of freedom is not considered here). In the scattering-matrix formalism, besides
complex-conjugating amplitudes, incoming states become outgoing ones under time reversal and
vice versa, while scattering is described by the same S, i.e., the following relation holds:(

i∗L
i∗R

)
=

(
r t′

t r′

)(
o∗L
o∗R

)
.

(a) From unitarity (S†S = 1) of the scattering matrix, derive the relations

T +R′ = 1, T ′ +R = 1, T +R = 1 and
r

t′
= −

(
r′

t

)∗
,

where |r|2 = R, |t|2 = T and |r′|2 = R′, |t′|2 = T ′.

(b) Show, that TRS implies S = ST , where ST denotes the transpose of S.

(c) Additionally assuming TRS, derive the following relation for amplitudes:

r

t
= −

(
r′

t

)∗
.
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5. Unitarity and Time-Reversal Symmetry II 2+2+2 Points

Check whether the following 2× 2 matrices qualify as a single-channel scattering matrix and if
so, whether the scattering is symmetric under time reversal:

(a) M1 = exp(iσxα), α ∈ [0, 2π),

(b) M2 = exp(iσyβ), β ∈ [0, 2π).

(c) M3 = exp(σzγ), γ ∈ [0, 2π).

Here, σx, σy and σz denote the Pauli matrices and are explicitly given by

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
.

6. Weakly Bound State 5 Points

d
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r

VHrL

a
r

ÈΨ HrL 2

A particle moves in a D-dimensional
rotationally symmetric potential well
of width d and depth V0 (see Figure).
Assume that the width of the wave
function a is much larger than the
width of the potential well d, such
that a � d, as illustrated in the Fi-
gure. Your task will be to analyze,
whether or not an arbitrarily shallow
(V0 → 0−) attractive potential well
in dimension D can bind a particle.

Use the Heisenberg uncertainty re-
lation for position and momentum
to estimate the kinetic and potenti-
al energy of the ground state. Mini-
mize the energy function E(a) you
get from this estimate with respect
to the width of the wave function
and obtain the minimizing a0. For
which dimensions D does a bound
state (E(a0) < 0) always exist?

2


