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7. Current Noise 54+5+5+5 Points

In this problem, you will derive an expression for the zero-frequency current noise of an electrical
circuit. To achieve this, we start from an analog system, describing the motion of a classical
particle under influence of friction and a fluctuating force. This mechanical analog model is
governed by a stochastic differential equation, a so-called Langevin equation, of the form

mi(t) = —no(t) + F(t),

written in terms of the particle’s velocity v(¢) at time t. The mass of the particle is denoted
by m, n is a friction coefficient, and F'(t) denotes a fluctuating random force acting on the
particle. We assume the force F'(t) to be characterized by a white noise correlation function,
(F(t)F(t")) = ad(t — t') with a constant a, where the average is taken with respect to the
distribution of F'(t).

(a) Make an ansatz v(t) = vye Wt F(t) = F,e ! for the time dependence of velocity and
force. Derive an algebraic relation between v, and F,,.

Remark: Since the equation of motion is linear, the general solution can be obtained by
integrating over w, i.e.,
I ;
v(t) = / dwe “y,,.
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(b) From this algebraic relation, derive a relation between (v,v,/) and (F,F,/) and express
the right-hand side through the inverse Fourier transform F, = [T dte™! F(t).

(c) From the result in part (b), derive an expression for the spectral density S, of the velocity-
velocity correlator, defined through

(V) = 2mSV0 (w + w').

To determine a, employ the Fluctuation-Dissipation-Theorem (FDT) for the real part of
the mobility for w — 0,

Re[u,] = % Sy (1 — efh“’/kBT> .

The mobility p,, is defined as the velocity to force ratio.
Hint: The delta function has the property fjozo dw' §(w — W) f(W') = f(w) and can be

represented as 0(w — ') = % fj;o dt ellw—w)t
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You are now in a position to derive an expression for the zero-frequency current noise (Nyquist-

Johnson noise)
+oo

lim SL = lim dt e (I(t)I(0)),
w—0 w—0 0o
by exploiting the analogy of the particle motion to the dynamics of the current I(¢) in an
electrical circuit, characterized by an inductance L, a resistance R, and voltage fluctuations
V(t):
LI(t)=—RI(t) + V().

The results from above carry over to the situation of the electrical circuit by making the repla-
cements m — L,n— Randv— 1, F > V.

(d) Derive an expression for the current noise S. in terms of the conductance of the circuit
and consider the limit w — 0.

8. Einstein Relation 0 Points

In this bonus problem, you will derive the Einstein relation between diffusion coefficient and
mobility, building on results from above.

(a) Fourier transforming the velocity-velocity correlator (v,v,s) in the frequency domain, one
obtains the velocity-velocity correlator in the time domain as

oo a : a n
(w(t)v(0)) 1/ /P ———U S

T ) Ry m2w2 2mn

Convince yourself, that in the limit of large 7, it is a reasonable approximation to treat

e~ mltl as a delta function in time.
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(b) Use the representation x(t) — z(0) = fg dt' v(t") for the particle’s position at time ¢ to
obtain an expression for the mean-squared displacement {[z(t) — z(0)]?).

(c) Assuming diffusive motion, derive the Einstein relation between diffusion coefficient D and
mobility g (use your result for a found above).



