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2. Field operators 3 Points

The operators a,t and aj create or annihilate single particle states with momentum k, respec-

tively. They obey the commutation relations [ay,ax]c = 0, and [ay, aL,]C = 0p ) with ¢ =1 for
bosons and ¢ = —1 for fermions. The field operator ¥(x) is defined as the Fourier transform

1 .
U(x)=—= ape™ .
0= g
Show that W(z) and its Hermitian conjugate ¥'(z) obey the commutation relations

[0 (x), ¥ (y))e = bz —y) .

3. Second quantization with field operators 4+5+1 Points

A many-particle state is described by the Hamiltonian

N 1
J i#j
with U(z) being a scalar potential, V (x—z') being the two-particle interaction potential, and the
wave function (21, z2,...,2N) being an eigenstate of H with eigenvalue E,. In the following,

we denote the non-interacting part of the Hamiltonian by Hy and the interaction part by Hipyg.
In second quantized notation, the wave function ¢, is described by a state vector

|oa) = /dazld:cg codry oo (T, X9, . . ,xN)\I'T(xl)\IIT(xQ) . \IJT(CCN)’O> ,

with commutation relations of ¥ and ¥ as in exercise 2, supplemented by the condition that
the operator ¥(z) annihilates the vacuum state, ¥(z)|0) = 0. In second quantization, the Ha-
miltonian reads

2 2
H, = /da: Ul (z) <—;n§x2 - U(x)) () + % /dx dy Ui ()T () V(2 — y) W (y) ¥ (z) .

As before, we denote the non-interacting part by Hy s and the interaction part by Hin s. The
aim of the task is to show that this is a consistent notation by proving

Hslpa) = Ealpa) -

1
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(a) Start with the non-interacting part Hp  and show that

Hos|lpa) = /dmldzg o.dey [Hopa(x1, 22, . . . ,:UN)]\IIT(xl)\IIT(xQ) e \IIT(:EN)]O> .
Hint: Use the result from exercise 2, i.e.

[ (x), ()¢ = d(z —y) ,

with ¢ = 1 to cover bosons and fermions simultaneously.

(b) For the interaction part Hin s show that

Hint slpa) = /dmldzg . dey [Hingpa(r1, 22, . - -, IL‘N)]‘IJT(:El)\IJT(ZL‘Q) . \I/T(ajN)|0> .

(c¢) From your results of task (a) and (b) conclude that

HS‘SOa> = Eoc|‘Pa> .



