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1. Fourier transform 2 + 3 Points

a) This problem is a mathematical problem, which will help you to get familiar with Fourier
transformations. The Fourier representation of a real field ¢ (x) is defined as

vle) = <= 3
k

Show that the inverse transformation is given by
T /ddm e XY (x) = e + i
VLA ’

and further deduce that ax = a_y and S = —f_k.

b) Explicitly derive the Fourier transform of the Landau-Ginzburg Hamiltonian

H= [ats [";Ww) () + SV~ ().

2. Tricritical point 4+2+42+4 Points

By tuning an additional parameter, a second order transition can be made first order. The
special point separating the two types of transitions is known as a tricritical point, and can be
studied by examining the Landau-Ginzburg Hamiltonian

BH = /ddaz [;m2 + um® + vm® — hm} = /ddx U (m),

where u can be positive or negative. For u < 0, a positive v is necessary to ensure stability.

a) By sketching the energy density ¥(m), for various ¢, show that in the saddle point
approximation there is a first-order transition for © < 0 and h = 0.

b) Calculate the critical value of the parameter ¢t = ¢(u) for this transition and the discon-
tinuity in the magnetization m(u).

c) For h =0 and v > 0, plot the phase boundary in the (u,t) plane, identifying the phases,
and order of the phase transitions.

d) The special point u = t = 0, separating first and second order phase boundaries, is a
tricritical point. For u = 0, calculate the tricritical exponents «, £, § and =y, governing
the singularities in heat capacity, magnetization and susceptibility. (Recall: C' o< t~¢,
m(h =0) o t?, m(t = 0) oc h'/% and y oc t77.)
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