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1. Longitudinal susceptibility 2+2+2+2+2+2+2 Points

This problem is intended to show you the origin of the divergence of the longitudinal suscepti-
bility in dimensions d < 4. There are a number of subtleties in this calculation which you are
instructed to ignore at various steps. You may want to think about why they are justified.
Consider the Landau-Ginzburg Hamiltonian:

K
BH = / diz [;mQ (V) (),

describing an n-component magnetization vector 17, in the ordered phase for ¢t < 0.
(a) Let m(x) = [m + ¢i(x)]é; + ¢1(x), and expand BH keeping all terms in the expansion.

(b) Regard the quadratic terms in ¢;, and (Et as an unperturbed Hamiltonian 8y, and the
lowest order term coupling ¢; and ¢, as a perturbation U} i.e.

U= 4um/ddx¢l$t2

Write U in Fourier space in terms of ¢;(q) and ¢;(q).

(c) Calculate the Gaussian (bare) expectation values (¢;(q)@i(q’))o and (¢ra(a)des(d’))o, and
the corresponding momentum dependent susceptibilities x;(q)o and x:(q)o.

(d) Calculate (¢y(qi) - dr(az) de(d'y) - ¢i(d's))o using Wick’s theorem (see the second problem
below).

(e) Write down the expression for (¢;(q)¢;(q’)) to second-order in the perturbation U. Note that
since U is odd in ¢y, only two terms at the second order are non-zero.

(f) Using the form of U in Fourier space, find an expression for the correction term obtained in
part (e). Note that only the connected terms for the longitudinal correlation function need to
be evaluated.

(g) Ignore the disconnected term [i.e. the part proportional to (n — 1)?], and write down an
expression for y;(q) in the second order perturbation theory.

(h) Show that for d < 4, the correction term diverges as ¢~ for ¢ — 0, implying an infinite
longitudinal susceptibility.
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2. Wick’s theorem Bonus +4 Points

Assume a Gaussian Hamiltonian

1
=3 Z Kij¢i¢;.
2Y)

(a) Calculate the expectation value (¢;, ¢, ).
(b) Let F[¢] = [[:™, ¢s,. Show that

0

54, Flo))

(c) Proof the Wick’s theorem: Let Ps, be the set of all pairings of 2n-elements. Then

H ¢lk> o Z H ¢p1 ¢p2

PePap (p1,p2)EP

For example this means that: (¢102@30a) = ($102)(P304) + (0103)(P204) + (P104) (P23)-
Hint: Use induction and the result obtained in (b). Notice that all pairings of 2n elements can
be realized by pairing of i; with each i, (k > 2) and considering all possible pairings of the
remaining 2n — 2 elements.



