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1. Field operators 3 Points

The operators a;rc and aj create or annihilate single particle states with momentum k, respec-

tively. They obey the commutation relations [ay, ap]c = 0, and [as, aL,]C = Opp with ¢ =1 for
bosons and ¢ = —1 for fermions. The field operator ¥(z) is defined as the Fourier transform

1 .
V() = — ape® .
=T
Show that ¥(x) and its Hermitian conjugate \I/T(a:) obey the commutation relations

[W(x), Ui (y)le =6z — ) .

2. Lindhard response function 24 3+ 1+ 3+ 2 Points

As derived in the lectures, the response of a d-dimensional free electron gas to a potential ¢(r)
is described by an induced charge ¢™4(r,¢) with Fourier transform

Qind(q’w) = Ho(q,w) ¢(qa w) )

where IIy(q,w) is the Lindhard response function given by

Ak fr— friq
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1_IO (qa CU) = 2/
The aim of this task is to compute the Lindhard response function for 7'= 0 up to linear order
in q.
(a) Show that the Fermi function
1
fio= F(6T) = ———
1 + exp |:kBiTi|
reduces to the a Heaviside step function 6(—¢g) in the limit 7' — 0. Note that &g, = 0.

(b) Expand fr — fr+q and g — Ek+q up to linear order in g and show that

4k Pk.q
To(q,w) ~ 2 5 m .
o) =2 [ G e

m

1


stp2.leipziguni@gmail.com
http://home.uni-leipzig.de/stp/Statistical_Physics_2_SS19.html

(¢c) Argue that you can use k = kpn in the integral, with n denoting the direction of k. Show
that IIy(q,w) is given by
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—hvpn - q + 1w
with vp = hkp/m denoting the Fermi velocity.

(d) Show that for d = 3 the Lindhard function is given by

iw iw— hvpq
11 = — 1 1
0(g,w) PE [ + 2hvpq . (iw + prq>] ’

with the Fermi density of states given by

d
pr=2 [ i)

(e) Calculate the static limit IIp(g,w — 0) for the case d = 3. Does the result depend on the
dimension of system?



