Data Analysis Using Stein’s Estimator

BRADLEY EFRON and CARL MORRIS*

and lts Generalizations

In 1961, James and Stein exhibited an estimator of the mean of a multi-
variate normal distribution having uniformly lower mean squared error
than the sample mean. This estimator is reviewed briefly in an
empirical Bayes context. Stein’s rule and its generalizations are then
applied to predict baseball averages, to estimate toxomosis prevalence
rates, and to estimate the exact size of Pearson’s chi-square test with
results from a computer simulation. In each of these examples, the
mean square error of these rules is less than half that of the sample
mean.

1. INTRODUCTION

Charles Stein [15] showed that it is possible to make a
uniform improvement on the maximum likelihood esti-
mator (MLE) in terms of total squared error risk when
estimating several parameters from independent normal
observations. Later James and Stein [13] presented a
particularly simple estimator for which the improvement
was quite substantial near the origin, if there are more
than two parameters. This achievement leads immedi-
ately to a uniform, nontrivial improvement over the
least squares (Gauss-Markov) estimators for the param-
eters in the usual formulation of the linear model. One
might expect a rush of applications of this powerful new
statistical weapon, but such has not been the case.
Resistance has formed along several lines:

1. Mistrust of the statistical interpretation of the mathematical
formulation leading to Stein’s result, in particular the sum
of squared errors loss function;

2. Difficulties in adapting the James-Stein estimator to the
many special cases that invariably arise in practice;

3. Long familiarity with the generally good performance of the
MLE in applied problems;

4. A feeling that any gains possible from a “complicated” pro-
cedure like Stein’s could not be worth the extra trouble.
(J.W. Tukey at the 1972 American Statistical Association
meetings in Montreal stated that savings would not be more
than ten percent in practical situations.)

We have written a series of articles [5, 6, 7, 8, 9, 10, 11]
that cover Points 1 and 2. Our purpose here, and in a
lengthier version of this report [12], is to illustrate the
methods suggested in these articles on three applied
problems and in that way deals with Points 3 and 4.
Only one of the three problems, the toxoplasmosis data,
is “real” in the sense of being generated outside the
statistical world. The other two problems are contrived
to illustrate in a realistic way the genuine difficulties and
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rewards of procedures like Stein’s. They have the added
advantage of having the true parameter values available
for comparison of methods. The examples chosen are the
first and only ones considered for this report, and the
favorable results typify our previous experience.

To review the James-Stein estimator in the simplest
setting, suppose that for given 6,

X0 X N8, 1), (1.1)
meaning the {X;} are independent and normally distrib-
uted with mean E, X; = 6; and variance Vary, (X;) = 1.
The example (1.1) typically occurs as a reduction to this
canonical form from more complicated situations, as
when X; is a sample mean with known variance that is
taken to be unity through an appropriate scale trans-
formation. The unknown vector of means 0 = (4,, - - -, 6x).
is to be estimated with loss being the sum of squared
component errors

i=1--,k>3,

k
L(ey 6) = Z (éf - 05')2 ) (12)
=1
where 8 = (6, - - -, 8)) is the estimate of 6. The MLE,
which is also the sample mean, 8(X) = X = (X, - - -, X»)
has constant risk k,
k
R(B, 50) = Eo Z (X. - 0,‘)2 =k y (13)

=1

E, indicating expectation over the distribution (1.1).
James and Stein [13] introduced the estimator 8 (X)
= (6 (X), - -+, &' (X)) for k > 3,

X)) =pi+ (1 — (k—2)/8)(X:—u) ,
i=1 .-,k (1.4)

with w = (ui, .-+, wr)’ any initial guess at 6 and
S =Y (X; — u;)? This estimator has risk
k
R(6,8) = E, Y (6:4(X) — 6,)2 (1.5)
t=0
k— 2)? ,
( ) <k, (1.6)

<k-
k—2+4 3% (6 — u)?

being less than k for all 8, and if 6; = u; for all ¢ the risk
is two, comparing very favorably to k for the MLE.
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The estimator (1.4) arises quite naturally in an em-
pirical Bayes context. If the {6;} themselves are a sample
from a prior distribution,

ind

0,-~N(u,-,-r2), ’i=1,"',k, (17)

then the Bayes estimate of 6, is the a posteriori mean of
0; given the data
80X = E6:i| Xy = pi

+ Q-0+ DX —w) .

In the empirical Bayes situation, 72 is unknown, but it
can be estimated because marginally the {X,} are
independently normal with means {u;} and

S =2 (X; —u)~ 1+ x,

where X;? is the chi-square distribution with k degrees
of freedom. Since k > 3, the unbiased estimate

E(k —2)/8 =1/(1 + ) (1.10)

is available, and substitution of (¢ — 2)/S for the un-
known 1/(1 4+ 72 in the Bayes estimate 6* of (1.8)
results in the James-Stein rule (1.4). The risk of &,
averaged over both X and 6 is, from [6] or [8],

E.E(4(X) — 09 =1~ (b —2)/k(1 + 1) ,

(1.8)

(1.9)

(1.11)

E, denoting expectation over the distribution (1.7). The
risk (1.11) is to be compared to the corresponding risks
of 1 for the MLE and 1 — 1/(1 + 72) for the Bayes
estimator. Thus, if k is moderate or large 8,! is nearly as
good as the Bayes estimator, but it avoids the possible
gross errors of the Bayes estimator if 72 is misspecified.

It is clearly preferable to use min {1, (k — 2)/S} as
an estimate of 1/(1 + +2) instead of (1.10). This results
in the simple improvement

(X)) =pi4+ A — (k—2)/8)*(X: —uy) (1.12)

with a* = max (0, a). That R(8, 5'*) < R(9, 8!) for all
0 is proved in [2, 8 10, 17]. The risks R(8, 8!) and
R(6, 6'*) are tabled in [11].

2, USING STEIN’S ESTIMATOR TO PREDICT
BATTING AVERAGES

The batting averages of 18 major league players
through their first 45 official at bats of the 1970 season
appear in Table 1. The problem is to predict each player’s
batting average over the remainder of the season using
only the data of Column (1) of Table 1. This sample was
chosen because we wanted between 30 and 50 at bats to
assure a satisfactory approximation of the binomial by
the normal distribution while leaving the bulk of at bats
to be estimated. We also wanted to include an unusually
good hitter (Clemente) to test the method with at least
one extreme parameter, a situation expected to be less
favorable to Stein’s estimator. Batting averages are
published weekly in the New York Times, and by April
26, 1970 Clemente had batted 45 times. Stein’s estimator
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requires equal variances,! or in this situation, equal at
bats, so the remaining 17 players are all whom either the
April 26 or May 3 New York Times reported with 45
at bats.

Let Y, be the batting average of Player ¢,z =1, -+,
18 (k = 18) after n = 45 at bats. Assuming base hits
occur according to a binomial distribution with inde-
pendence between players, nY, bY Bin (n, p;) =1,
2, ..., 18 with p; the true season batting average, so
EY; = p,. Because the variance of Y,; depends on the
mean, the arc-sin transformation for stabilizing the
variance of a binomial distribution is used: X; = f45(Y),
1 =1, ..., 18 with

faly) = (n)tarcsin(y — 1) .

Then X; has nearly unit variance? independent of p..
The mean?® 6, of X, is given approximately by 8; = f,(p,).
Values of X, 8; appear in Table 1. From the central limit
theorem for the binomial distribution and continuity of
fn» we have approximately

@.1)

ind

X,~]0i~N(0;,1), i=1,2,"',k y (22)

the situation described in Section 1.

We use Stein’s estimator (1.4), but we estimate the
common unknown value u = X ui/k by X = 3 X,/k,
shrinking all X; toward X, an idea suggested by Lindley
[6, p. 285-7]. The resulting estimate of the ¢th com-
ponent 4, of 0 is therefore

X =X+010-*k-3/NEX:-X) 23)

with V=3 (X;— X)?and with k —3 = (k —1) — 2
as the appropriate constant since one parameter is esti-
mated. In the empirical Bayes case, the appropriateness
of (2.3) follows from estimating the Bayes rule (1.8) by
using the unbiased estimates X for u and (¢ — 3)/V for
1/(1 4 7)?from the marginal distribution of X, analogous
to Section 1 (see also [6, Sec. 7]). We may use the
Bayesian model for these data because (1.7) seems at
least roughly appropriate, although (2.3) also can be
justified by the non-Bayesian from the suspicion that
> (8 — 0)? is small, since the risk of (2.3), analogous to
(1.6), is bounded by

(k —3)*
k—3+ X (6:— 6)?
For our data, the estimate of 1/(1 + %) is (k — 3)/V

= .791 or # = 0.514, representing considerable a prior:
information. The value of X is —3.275 so

§1(X) = 6; = 791X + 209X, = .209X,; — 2.59 .

R(6,3) <k — =Y 0./k. (2.4)

(2.5)

1 The unequal variances case is discussed in Section 3.

2 An exact computer computation showed that the standard deviation of X is
within .036 of unity for n = 45 for all p; between 0.15 and 0.85.

3 For most of this discussion we will regard the values of p: of Column 2, Table 1
and 6; as the quantities to be estimated, although we actually have a prediction
problem because these quantities are estimates of the mean of Yi. Accounting for
this fact would cause Stein’s method to compare even more favorably to the sample
mean because the random error in p: increases the losses for all estimators equally.
This increases the errors of good estimators by a higher percentage than poorer ones.



