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I. GENERAL CONSIDERATIONS

1. Introduction. For a long time I have thought I was a statistician, interested
in inferences from the particular to the general. But as I have watched mathe-
matical statistics evolve, I have had cause to wonder and to doubt. And when I
have pondered about why such techniques as the spectrum analysis of time
series have proved so useful, it has become clear that their ‘“dealing with fluc-
tuations” aspects are, in many circumstances, of lesser importance than the
aspects that would already have been required to deal effectively with the
simpler case of very extensive data, where fluctuations would no longer be a
problem. All in all, I have come to feel that my central interest is in data analy-
sts, which I take to include, among other things: procedures for analyzing data,
techniques for interpreting the results of such procedures, ways of planning the
gathering of data to make its analysis easier, more precise or more accurate, and
all the machinery and results of (mathematical) statistics which apply to analyz-
ing data.

Large parts of data analysis are inferential in the sample-to-population sense,
but these are only parts, not the whole. Large parts of data analysis are incisive,
laying bare indications which we could not perceive by simple and direct ex-
amination of the raw data, but these too are only parts, not the whole. Some
parts of data analysis, as the term is here stretched beyond its philology, are
allocation, in the sense that they guide us in the distribution of effort and other
valuable considerations in observation, experimentation, or analysis. Data
analysis is a larger and more varied field than inférence, or incisive procedures, or
allocation.

Statistics has contributed much to data analysis. In the future it can, and
in my view should, contribute much more. For such contributions to exist, and
be valuable, it is not necessary that they be direct. They need not provide new
techniques, or better tables for old techniques, in order to influence the practice
of data analysis. Consider three exzamples:

(1) The work of Mann and Wald (1942) on the asymptotic power of chi-
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square goodness-of-fit tests has influenced practice, even though the results
they obtained were for impractically large samples.

(2) The development, under Wald’s leadership, of a general theory of de-
cision functions has influenced, and will continue to influence data analysis in
many ways. (Little of this influence, in my judgment, will come from the use of
specific decision procedures; much will come from the forced recognition of the
necessity of considering ‘“complete classes” of procedures among which selec-
tion must be made by judgment, perhaps codified 4 la Bayes.)

(3) The development of a more effective procedure for determining proper-
ties of samples from non-normal distributions by experimental sampling is
likely, if the procedure be used wisely and widely, to contribute much to the
practice of data analysis.

To the extent that pieces of mathematical statistics fail to contribute, or are not
intended to contribute, even by a long and tortuous chain, to the practice of
data analysis, they must be judged as pieces of pure mathematics, and criticized
according to its purest standards. Individual parts of mathematical statistics
must look for their justification toward either data analysis or pure mathematics.
Work which obeys neither master, and there are those who deny the rule of both
for their own work, cannot fail to be transient, to be doomed to sink out of sight.
And we must be careful that, in its sinking, it does not take with it work of con-
tinuing value. Most present techniques of data analysis, statistical or not, have a
respectable antiquity. Least squares goes back more than a century and a half
(e.g., Gauss, 1803). The comparison of a sum of squares with the value other-
wise anticipated goes back more than 80 years (e.g., cp., Bortkiewicz, 1901).
The use of higher moments to describe observations and the use of chi-square to
assess goodness of fit are both more than 60 years old (Pearson, 1895, 1900).
While the last century has seen great developments of regression techniques,
and of the comparison of sums of squares, comparison with the development of
other sciences suggests that novelty has entered data analysis at a slow, plodding
pace.

By and large, the great innovations in statistics have not had correspondingly
great effects upon data analysis. The extensive calculation of “sums of squares”
is the outstanding exception. (Iterative maximum likelihood, as in the use of
working probits, probably comes next, but is not widely enough used to repre-
sent a great effect.)

Is it not time to seek out novelty in data analysis?

2. Special growth areas. Can we identify some of the areas of data analysis
which today offer unusual challenges, unusual possibilities of growth?

The treatment of ‘‘spotty data’ is an ancient problem, and one about which
there has been much discussion, but the development of organized techniques
of dealing with “‘outliers”, ‘“wild shots”, “blunders”, or “large deviations” has
lagged far behind both the needs, and the possibilities presently open to us for
meeting these needs.
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The analysis of multiple-response data has similarly been much discussed,
but, with the exception of psychological uses of factor analysis, we see few analy-
ses of multiple-response data today which make essential use of its multiple-
response character.

Data of the sort today thought of as generated by a stochastic process is a
current challenge which both deserves more attention, and different sorts of
attention, than it is now receiving.

Problems of selection often involve multi-stage operations, in which later-
stage actions are guided by earlier-stage results. The essential role of data
analysis, even when narrowly defined, is clear. (To many of us the whole process
is a part of data analysis.) Here we have learned a little, and have far to go.

We have sought out more and more subtle ways of assessing error. The half-
normal plot typifies the latest, which will have more extensive repercussions
than most of us have dreamed of.

Data which is heterogeneous in precision, or in character of variation, and
data that is very incomplete, offer challenges that we have just begun to meet.
Beyond this we need to stress flexibility of attack, willingness to iterate, and
willingness to study things as they are, rather than as they, hopefully, should be.

Again let me emphasize that these are only some of the growth areas, and
that their selection and relative emphasis has been affected by both personal
jdiosyncrasies and the importance of making certain general points.

3. How can new data analysis be initiated? How is novelty most likely to
begin and grow? Not through work on familiar problems, in terms of familiar
frameworks, and starting with the results of applying familiar processes to
the observations. Some or all of these familiar constraints must be given up in
each piece of work which may contribute novelty.

We should seek out wholly new questions to be answered. This is likely to require
a concern with more complexly organized data, though there will be exceptions,
as when we are insightful enough to ask new, useful kinds of questions about
familiar sorts of data.

We need to tackle old problems in more realistic frameworks. The study of data
analysis in the face of fluctuations whose distribution is rather reasonable, but
unlikely to be normal, provides many important instances of this. So-called
non-parametric methods, valuable though they are as first steps toward more
realistic frameworks, are neither typical or ideal examples of where to stop.
Their ultimate use in data analysis is likely to be concentrated (i) upon situations
where relative ranks are really all the data available, and (ii) upon situations
-where unusually quick or portable procedures are needed. In other situations it
will be possible, and often desirable, to analyze the data more thoroughly and
effectively by other methods. Thus while non-parametric analysis of two-way
tables leading to confidence statements for differences of typieal values for rows
and columns is quite possible, it is computationally difficult enough to keep
me from believing that such techniques will ever be widely used. (The situation
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for three- and more-way tables is even worse.) As means for defending the re-
sults of an analysis against statistical attack on distributional grounds, non-
parametric methods will retain a pre-eminent place. And as an outstanding first
step in eliminating unacceptable dependence upon normality assumptions they
have been of the greatest importance. But these facts do not suffice to make them
the methods of continuing choice.

We should seek out unfamiliar summaries of observational material, and es-
tablish their useful properties.

But these are not the only ways to break out into the open. The comparison,
under suitable or unsuitable assumptions, of different ways of analyzing the same
data for the same purpose has been a unifying concept in statistics. Such com-
parisons have brought great benefits to data analysis. But the habit of making
them has given many of us a specific mental rigidity. Many seem to find it essen-
tial to begin with a probability model containing a parameter, and then to ask
for'a good estimate for this parameter (too often, unfortunately, for one that is
optimum). Many have forgotten that data analysis can, sometimes quite ap-
propriately, precede probability models, that progress can come from asking
‘what a specified indicator (= a specified function of the data) may reasonably
be regarded as estimating. Escape from this constraint can do much to promote
novelty.

And still more novelty can come from finding, and evading, still deeper lying con-

straints.
. It can help, throughout this process, to admit that our first concern is “data
analysis”. I once suggested in discussion at a statistical meeting that it might
be well if statisticians looked to see how data was actually analyzed by many
sorts of people. A very eminent and senior statistician rose at once to say that
this was a novel idea, that it might have merit, but that young statisticians
should be careful not to indulge in it too much, since it might distort their ideas.
The ideas of data analysis ought to survive a look at how data 18 analyzed. Those
who try may even find new techniques evolving, as my colleague Martin Wilk
suggests, from studies of the nature of “intuitive generalization”.

4. Sciences, mathematics, and the arts. The extreme cases of science and art
are clearly distinguished, but, as the case of the student who was eligible for
Phi Beta Kappa because mathematics was humanistic and for Sigma Xi be-
.cause it was scientific shows, the place of mathematics is often far from clear.
There should be little surprise that many find the places of statistics and data
analysis still less clear.

There are diverse views as to what makes a science, but three constituents
will be judged essential by most, viz:

(al) intellectual content,

(a2) organization into an understandable form,

(a3) reliance upon the test of experience as the ultimate standard of valid-
ity.
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By these tests, mathematics is not a science, since its ultimate standard of valid-
ity is an agreed-upon sort of logical consistency and provability.

As T see it, data analysis passes all three tests, and I would regard it as a
science, one defined by a ubiquitous problem rather than by a concrete subject.
(Where “statistics” stands is up to “statisticians” and to which ultimate stand-
ard—analysis of data or pure mathematics—they adhere. A useful mixed status
may be gained by adhering sometimes to one, and sometimes to the other,
although it is impossible to adopt both simultaneously as ultimate standards.)

Data analysis, and the parts of statistics which adhere to it, must then take
on the characteristics of a science rather than those of mathematics, specifically:

(b1) Data analysis must seek for scope and usefulness rather than security.

(b2) Data analysis must be willing to err moderately often in order that
inadequate evidence shall more often suggest the right answer.

(b3) Data analysis must use mathematical argument and mathematical
results as bases for judgment rather than as bases for proof or stamps of valid-
ity.

These points are meant to be taken seriously. Thus, for example, (bl) does not
mean merely ‘“‘give up security by acting as if 99.9 % confidence were certainty”’,
much more importantly it means ‘“give general advice about the use of tech-
niques as soon as there is reasonable ground to think the advice sound; be pre-
pared for a reasonable fraction (not too large) of cases of such advice to be gen-
erally wrong”!

All sciences have much of art in their makeup. (It is sad that the phrase “the
useful and mechanic arts” no longer reminds us of this frequently.) As well as
teaching facts and well-established structures, all sciences must teach their
apprentices how to think about things in the manner of that particular science,
and what are its current beliefs and practices. Data analysis must do the same.
Inevitably its task will be harder than that of most sciences. “Physicists” have
usually undergone a long and concentrated exposure to those who are already
masters of the field. “Data analysts”, even if professional statisticians, will
have had far less exposure to professional data analysts during their training.

Three reasons for this hold today and can at best be altered slowly:

(c1) Statistics tends to be taught as part of mathematics.

(c2) In learning statistics per se there has been limited attention to data
analysis.

(c3) The number of years of intimate and vigorous contact with profes-
sionals is far less for statistics Ph.D.’s than for physics (or mathematics)
Ph.D.s. :

Thus data analysis, and adhering statistics, faces an unusually difficult problem
of communicating certain of its essentials, one which cannot presumably be met
as well as in most fields by indirect discourse and working side-by-side.

For the present, there is no substitute for making opinions more obvious, for
being willing to express opinions and understandings in print (knowing that
they may be wrong), for arguing by analogy, for reporting broad conclusions



THE FUTURE OF DATA ANALYSIS 7

supported upon a variety of moderately tenuous pieces of evidence (and then
going on, later, to identify and’ make critical tests of these conclusions), for
emphasing the importance of judgment and illustrating its use, (as Cox (1957)
has done with the use of judgment indexes as competitors for covariance), not
merely for admitting that a statistician needs to use it. And for, while doing all
this, continuing to use statistical techniques for the confirmatory appraisal of
observations through such conclusion procedures as confidence statements and
tests of significance.

Likewise, we must recognize that, as Martin Wilk has put it, “The hallmark
of good science is that it uses models and ‘theory’ but never believes them.”

6. Dangers of optimization. What is needed is progress, and the unlocking
of certain of rigidities (ossifications?) which tend to characterize statistics today.
Whether we look back over this century, or look into our own crystal ball,
there is but one natural chain of growth in dealing with a specific problem of
data analysis, viz:

(al’) recognition of problem,
(al”) one technique used,
(a2) competing techniques used,
(a3) rough comparisons of efficacy,
(a4) comparison in terms of a precise (and thereby inadequate) criterion,
(ad’) optimization in terms of a precise, and similarly inadequate cri-
terion,
(a5”) comparison in terms of several criteria.
(Number of primes does not indicate relative order.)
If we are to be effective in introducing novelty, we must heed two main com-
mandments in connection with new problems:
(A) Praise and use work which reaches stage (a3), or only stage (a2), or
even stage (al”).
(B) Urge the extension of work from each stage to the next, with special
emphasis on the earlier stages.

One of the clear signs of the lassitude of the present cycle of data analysis is
the emphasis of many statisticians upon certain of the later stages to the ex-
clusion of the earlier ones. Some, indeed, seem to equate stage (a5’) to statistics
—an attitude which if .widely adopted is guaranteed to produce a dried-up,
encysted field with little chance of real growth.

I must once more quote George Kimball’s words of wisdom (1958). ‘“There is a
further difficulty with the finding of ‘best’ solutions. All too frequently when a
‘best’ solution to a problem has been found, someone comes along and finds a
still better solution simply by pointing out the existence of a hitherto unsus-
pected variable. In my experience when a moderately good solution to a prob-
lem has been found, it is seldom worth while to spend much time trying to
convert this into the ‘best’ solution. The time is much better spent in real re-
search - -- .’ As Kimball says so forcefully, optimizing a simple or easy problem
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is not as worthwhile as meliorizing a more complex or difficult one. In data
analysis we have no difficulty in complicating problems in useful ways. It would,
for example, often help to introduce a number of criteria in the place of a single
one. It would almost always help to introduce weaker assumptions, such as more
flexibility for parent distributions. And so on.

It is true, as in the case of other ossifications, that attacking this ossification
is almost sure to reduce the apparent neatness of our subject. But neatness does
not accompany rapid growth. Euclidean plane geometry is neat, but it is still
Euclidean after two millenia. (Clyde Coombs points out that this neatness
made it easier to think of non-Euclidean geometry. If it were generally under-
stood that the great virtue of neatness was that it made it easier to make things
complex again, there would be little to say against a desire for neatness.)

6. Why optimization? Why this emphasis on optimization? It is natural, and
desirable, for mathematicians to optimize; it focusses attention on a small sub-
set of all possibilities, it often leads to general principles, it encourages sharpen-
ing of concepts, particularly when intuitively unsound optima are regarded as
reasons for reexamining concepts and criteria (e.g., Cox, (1958, p. 361) and the
criterion of power). Danger only comes from mathematical optimizing when the
results are taken too seriously. In elementary calculus we all optimize surface-
to-volume relations, but no one complains when milk bottles turn out to be
neither spherical or cylindrical. It is understood there that such optimum prob-
lems are unrealistically oversimplified, that they offer guidance, not the answer.
(Treated similarly, the optimum results of mathematical statistics can be most
valuable.)

There is a second reason for emphasis upon the optimum, one based more
upon the historical circumstances than upon today’s conditions. Let others speak:

“It is a pity, therefore, that the authors have confined their attention to the
relatively simple problem of determining the approximate distribution of ar-
bitrary criteria and have failed to produce any sort of justification for the tests
they propose. In addition to those functions studied there are an infinity of
others, and unless some principle of selection is introduced we have nothing to
look forward to but an infinity of test criteria and an infinity of papers in which
they are described.” (Box, 1956, p. 29.) _ ,

“More generally still, one has the feeling that the statistics we are in the habit
of calculating from our time series tend to be unduly stereotyped. We are, in a
way, in the reverse situation to that which obtained when Fisher wrote about
how easy it was to invent a great multiplicity of statistics, and how the problem
was to select the good statistics from the bad ones. With time series we could
surely benefit from the exploration of the properties of many more statistics
than we are in the habit of calculating. We are more sober than in the days of
Fechner, Galton, and “K.P.”; perhaps we are too sober.” (Barnard, 1959a, p.
257.)

The first quotation denies that (a2) above should precede (a3) to (a5’), while
the second affirms that (a2) and (a3) should be pushed, especially in fields that
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have not been well explored. (The writer would not like to worry about an
infinity of methods for attacking a question until he has at least four such which
have not been shown to have distinguishable behavior.)

7. The absence of judgment. The view that ‘‘statistics is optimization”
perhaps but a reflection of the view that ‘“data analysis should not appear to
be a matter of judgment”. Here “appear to” is in italics because many who hold
this view would like to suppress these words, even though, when pressed, they
would agree that the optimum does depend upon the assumptions and criteria,
whose selection may, perhaps, even be admitted to involve judgment. It is very
helpful to replace the use of judgment by the use of knowledge, but only if
the result is the use of knowledge with judgment.

Pure mathematics differs from most human endeavor in that assumptions are
not criticized because of their relation to something outside, though they are,
of course, often criticized as unaesthetic or as unnecessarily strong. This cleav-
age between pure mathematics and other human activities has been deepening
since the introduction of non-Euclidean geometries by Gauss, Bolyai, and
Lobachevski about a century and a half ago. Criticism of assumptions on the
basis of aesthetics and strength, without regard for external correspondence
has proved its value for the development of mathematics. But we dare not use
such a wholly internal standard anywhere except in pure mathematics. (For a
discussion of its dangers in pure mathematics, see the closing pages of von Neu-
mann, 1947.)

In data analysis we must look to a very heavy emphasis on judgment. At least
three different sorts or sources of judgment are likely to be involved in almost
every instance:

(al) judgment based upon the experlence of the particular field of subject
matter from which the data come,

(a2) judgment based upon a broad experience with how particular tech-
niques of data analysis have worked out in a variety of fields of application,

(a3) judgment based upon abstract results about the properties of par-
ticular techniques, whether obtained by mathematical proofs or empirical
sampling.

Notice especially the form of (a3). It is consistent with actual practice in
every field of science with a theoretical branch. A scientist’s actions are guided,
not determined, by what has been derived from theory or established by ex-
periment, as 78 his advice to others. The judgment with which isolated results are
put together to guide action or advice in the usual situation, which is too com-
plex for guidance to be deduced from available knowledge, will often be a mixture
of individual and collective judgments, but judgment will play a crucial role.
Scientists know that they will sometimes be wrong; they try not to err too often,
but they accept some insecurity as the price of wider scope. Data analysts must
do the same.

One can describe some of the most important steps in the development of
mathematical statistics as attempts to save smaller and smaller scraps of cer-
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tainty (ending with giving up the certainty of using an optimal technique for
the certainty of using an admissible one, one that at least cannot be unequivo-
cally shown to be non-optimal). Such attempts must, in large part at least, be
attempts to maintain the mathematical character of statistics at the expense of
its data-analytical character.

If data analysis is to be well done, much of it must be a matter of judgment,
and “theory”, whether statistical or non-statistical, will have to guide, not
command.

8. The reflection of judgment upon theory. The wise exercise of judgment
can hardly help but to stimulate new theory. While the occurrence of this
phenomenon may not be in question, its appropriateness is regarded quite dif-
ferently. Three quotations from the discussion of Kiefer’s recent paper before
the Research Section of the Royal Statistical Society point up the issue:

“Obviously, if a scientist asks my advice about a complex problem for which
I cannot compute a good procedure in the near future, I am not going to tell
him to cease his work until such a procedure is found. But when I give him the
best that my intuition and reason can now produce, I am not going to be satis-
fied with it, no matter how clever a procedure it may appear on the surface. The
aim of the subject is not the construction of nice looking procedures with in-
tuitive appeal, but the determination of procedures which are proved to be good.”
(Kiefer (1959, p. 317) in reply to discussion.)

“A major part of Dr. Kiefer’s contribution is that he is forcing us to consider
very carefully what we want from a design. But it seems to me to be no more
reprehensible to start with an intuitively attractive design and then to search
for optimality criteria which it satisfies, then to follow the approach of the present
paper, starting from (if I may call it so) an intuitively attractive criterion, and
then to search for designs which satisfy it. Either way one is liable to be surprised
by what comes out; but the two methods are complementary.” (Mallows, 1959,
p. 307.)

“The essential point of the divergence is concisely stated at the end of section
A: ‘The rational approach is to state the problem and the optimality criterion
and then to find the appropriate design, and not alter the statements of the prob-
lem and criterion just to justify the use of the design to which we are wedded by
our prejudiced intuition.” I would agree with this statement if the word ‘deduc-
tive’ were inserted in place of the word ‘rational’. As a rationalist I feel that the
word ‘rational’ is one which indicates a high element of desirability, and I think
it is much broader in its meaning than ‘deductive’. In fact what appears to me to
be the rational approach is to take designs which are in use already, to see what
is achieved by these designs by consideration of the general aims to evaluate
such designs, in a provisional way, and then to seek to find designs which im-
prove on existing practice. Having found such designs the cycle should be re-
peated again. The important thing about this approach is that we are always
able to adjust our optimality criteria to designs as well as adjusting our designs
to our optimality criteria.” (Barnard, 1959b, p. 312).
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9. Teaching data analysis. The problems of teaching data analysis have
undoubtedly had much to do with these unfortunate rigidities. Teaching data
analysis is not easy, and the time allowed is always far from sufficient. But these
difficulties have been enhanced by certain views which have been widely adopted,
such as those caricatured in:

(al) ‘“avoidance of cookbookery and growth of understanding come only
by mathematical treatment, with emphasis upon proofs”.

(a2) “It is really quite intolerable for the teacher then to have to reply,
‘I don’t know’.” (An actual quotation from Stevens (1950, p. 129).)

(a3) “whatever the facts may be, we must keep things simple so that we
can teach students more easily”.

(a4) “even if we do not know how to treat this problem so as to be either
good data analysis or good mathematics, we should treat it somehow, because
we must teach the students something”.

It would be well for statistics if these points of view were not true to life, were
overdrawn, but it is not hard to find them adopted in practice, even among one’s
friends.

The problem of cookbookery is not peculiar to data analysis. But the solution
of concentrating upon mathematics and proof is. The field of biochemistry today
contains much more detailed knowledge than does the field of data analysis.
The over-all teaching problem is more difficult. Yet the text books strive to tell
the facts in as much detail as they can find room for. (Biochemistry was selected
for this example because there is a clear and readable account by a coauthor of
a leading text of how such a text is revised (Azimov, 1955).)

A teacher of biochemistry does not find it intolerable to say ‘I don’t know”.
Nor does a physicist. Each spends a fair amount of time explaining what his
science does not know, and, consequently, what are some of the challenges it
offers the new student. Why should not both data analysts and statisticians do
the same?

Surely the simplest problems of data analysis are those of

(bl) location based upon a single set of data,

(b2) relative location based upon two sets of data.

There are various procedures for dealing with each of these problems. Our
knowledge about their relative merits under various circumstances is far from
negligible. Some of it is a matter of proof, much of the rest can be learned by
collecting the results when each member of any class draws a few samples from
each of several parent distributions and applies the techniques. Take the one-
sample problem as an example. What text, and which teachers, teach the follow-
ing simple facts about one-sample tests?

(c1) for symmetrical distributions toward the rectangular, the mid-range
offers high-efficiency of point-estimation, while the normally-calibrated
range-midrange procedure (Walsh, 1949a) offers conservative but still effi-
cient confidence intervals,

(c2) for symmetrical distributions near normality, the mean offers good
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point estimates and Student’s ¢ offers good confidence intervals, but signed-

rank (Wilcoxon, 1949; Walsh, 1949b, 1959) confidence intervals are about as’

good for small and moderate sample sizes,

(c3) for symmetrical distributions with slightly longer tails, like the logistic
perhaps, a (trimmed) mean omitting a prechosen number of the smallest and
an equal number of the largest observations offers good point estimates,
while signed-rank procedures offer good interval estimates,

(c4) for symmetric distributions with really long tails (like the central
99.8% of the Cauchy distribution, perhaps) the median offers good point
estimates, and the sign test offers good interval estimates.

(c5) the bebavior of the one-sample t-test has been studied by various
authors (cp., Gayen, 1949, and references cited by him) with results for asym-
metric distributions which can be digested and expressed in understandable
form.

These facts are specific, and would not merit the expenditure of a large fraction
of a course in data analysis. But they can be said briefly. And, while time spent
showing that Student’s ¢ is optimum for exactly normal samples may well, on
balance, have a negative value, time spent on these points would have a positive
one.

These facts are a little complex, and may not prove infinitely easy to teach,
but any class can check almost any one of them by doing its own experimental
sampling. Is it any better to teach everyone, amateurs and professionals alike,
about only a single one-sample procedure (or as s perhaps worse about the com-
parative merits of various procedures in sampling from but a single shape of
parent population) than it would be to teach laymen and doctors alike that the
only pill to give is aspirin (or to discuss the merits and demerits of various pills
for but a single ailment, mild headache)?

Some might think point (a4) above to be excessively stretched. Let us turn
again to the Stevens article referred to in (a2), in which he introduced ran-
domized confidence intervals for binomial populations. In an addendum, Stevens
notes an independent proposal and discussion of this technique, saying: “It was
there dismissed rather briefly as being unsatisfactory. This may be granted but
since. . . some solution is necessary [because the teacher should not say “I don’t
know” (J. W. T.)], it seems that this one deserves to be studied and to be used
by teachers of statistics until a better one can be found.” The solution is ad-
mittedly unsatisfactory, and not just the best we have to date, yet it is to be
taught, and used!

Not only must data analysis admit that it uses judgment, it must cease to
hide its lack of knowledge by teaching answers better left unused. The useful
must be separated from the unuseful or antiuseful.

As Egon Pearson pointed out in a Statistical Techniques Research Group
discussion where this point was raised, there is a real place in discussing ran-
domized confidence limits in advanced classes for statisticians; not because they
are useful, not because of aesthetic beauty, but rather because they may stimu-
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late critical thought. As Martin Wilk puts it: “We dare not confine ourselves to
emphasizing properties (such as efficiency or robustness) which, although some-
times useful as guides, only hold under classes of assumptions all of which may
be wholly unrealistic; we must teach an understanding of why certain sorts of
techniques (e.g., confidence intervals) are indeed useful.”

10. Practicing data analysis. If data analysis is to be helpful and useful, it
must be practiced. There are many ways in which it can be used, some good
and some evil. Laying aside unethical practices, one of the most dangerous (as
I have argued elsewhere (Tukey, 1961b)) is the use of formal data-analytical
procedures for sanctification, for the preservation of conclusions from all criti-
cism, for the granting of an imprimatur. While statisticians have contributed to
this misuse, their share has been small. There is a corresponding danger for data
analysis, particularly in its statistical aspects. This is the view that all statis-
ticians should treat a given set of data in the same way, just as all British ad-
mirals, in the days of sail, maneuvered in accord with the same principles. The
admirals could not communicate with one another, and a single basic doctrine
was essential to coordinated and effective action. Today, statisticians can com-
municate with one another, and have more to gain by using special knowledge
(subject-matter or methodological) and flexibility of attack than they have to
lose by not all behaving alike.

In general, the best account of current statistical thinking and practice is to
be found in the printed discussions in the Journal of the Royal Statistical Society.
While reviewing some of these lately, I was surprised, and a little shocked to
find the following:

“I should like to give a word of warning concerning the approach to tests of
significance adopted in this paper. It is very easy to devise different tests which,
on the average, have similar properties, i.e., they behave satisfactorily when the
null hypothesis is true and have approximately the same power of detecting
departures from that hypothesis. Two such tests may, however, give very dif-
ferent results when applied to a given set of data. This situation leads to a good
deal of contention amongst statisticians and much discredit of the science of
statistics. The appalling position can easily arise in which one can get any answer
one wants if only one goes around to a large enough number of statisticians.”
(Yates, 1955, p. 31). .

To my mind this quotation, if taken very much more seriously than I presume
it to have been meant, nearly typifies a picture of statistics as a monolithic,
authoritarian structure designed to produce the “official” results. While the
possibility of development in-this direction is a real danger to data analysis, I
find it hard to believe that this danger is as great as that posed by over-emphasis
on optimization.

11. Facing uncertainty. The most important maxim for data analysis to heed,
and one which many statisticians seem to have shunned, is this: “Far better an
approximate answer to the right question, which is often vague, than an ezact
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answer to the wrong question, which can always be made precise.” Data analysis
must progress by approximate answers, at best, since its knowledge of what the
problem really is will at best be approximate. It would be a mistake not to face
up to this fact, for by denying it, we would deny ourselves the use of a great body
of approximate knowledge, as well as failing to maintain alertness to the possible
importance in each particular instance of particular ways in which our knowl-
edge is incomplete.

II. SPOTTY DATA

12. What is it? The area which is presently most obviously promising as a
site of vigorous new growth in data analysis has a long history. The surveyor
recognizes a clear distinction between ‘‘errors’” with which he must live, and
“blunders’’, whose effects he must avoid. This distinction is partly a matter of
size of deviation, but more a matter of difference in the character or assigna-
bility of causes. Early in the history of formal data analysis this recognition led
to work on the “rejection of observations”. Until quite recently matters rested
there.

One main problem is the excision of the effects of occasional potent causes.
The gain from such excision should not be undervalued. Paul Olmstead, for
example, who has had extensive experience with such data, maintains that
engineering data typically involves 10% of “wild shots” or “stragglers”. A
ratio of 3 between ‘“wild shot” and “normal” standard deviations is far too low
(individual “wild shots” can then hardly be detected). Yet 10% wild shots
with standard deviation 3¢ contribute a variance equal to that of the remaining
90 % of the cases with standard deviation lo. Wild shots can easily double,
triple, or quadruple a variance, so that really large increases in precision can
result from cutting out their effects.

We are proud, and rightly so, of the “robustness” of the analysis of variance.
A few ‘“wild shots” sprinkled at random into data taken in a conventional
symmetric pattern will, on the average, affect each mean square equally. True,
but we usually forget that this provides only ‘‘robustness of validity’’, ensuring
that we will not be led by “wild shots” to too many false positives, or to too
great security about the precision of our estimates. Conventional analysis of
variance procedures offer little “robustness of efficiency’, little tendency for
the high efficiency provided for normal distributions of fluctuations-and-errors
to be preserved for non-normal distributions. A few ‘“wild shots’, either spread
widely or concentrated in a single cell, can increase all mean squares substan-
tially. (Other spreadings may have different results.) From a hypothesis-testing
point of view this decreases our chances of detecting real effects, and increases
the number of false negatives, perhaps greatly. From an estimation point of
view it increases our variance of estimate and decreases our efficiency, perhaps
greatly. Today we are far from adopting an adequately sensitive technique of
analysis, even in such simple situations as randomized blocks.

Now one cannot look at a single body of data alone and be sure which are the
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“wild shots”. One can usually find a statistician to argue that some particular
observation is not unusual in cause, but is rather “merely a large deviation”.
When there are many such, he will have to admit that the distribution of de-
viations (of errors, of fluctuations) has much longer tails than a Gaussian (nor-
mal) distribution. And there will be instances where he will be correct in such
a view.

It would be unfortunate if the proper treatment of data was seriously different
when errors-and-fluctuations have a long-tailed distribution, as compared to
the case where occasional causes throw in ‘“wild shots”. Fortunately, this ap-
pears not to be the case; cures or palliatives for the one seem to be effective
against the other. A simple indication that this is likely to be so is furnished by
the probability element

[(1 — 8)(2m) %™ + oln"(2m) e ™™ dy,

which can be construed in at least three ways:

(al) as a unified long-tailed distribution which is conveniently manipulable
in certain ways,

(a2) as representing a situation in which there is probability 6 that an oc-
casional-cause system, which contributes additional variability when it acts,
will indeed act,

(a3) as representing a situation in which variability is irregularly non-
homogeneous. '

It is convenient to classify together most instances of long-tailed fluctuation-
and-error distributions, most instances of occasional causes with large effects,
and a substantial number of cases with irregularly non-constant variability; the
term “spotty data’ is surely appropriate.

13. An appropriate step forward. Clearly the treatment of spotty data is
going to force us to abandon normality. And clearly we can go far by studying
cases of sampling from long-tailed distributions. How far to go? Which long-
tailed distributions to face up to?

To seek complete answers to these questions would be foolish. But a little
reflection takes us a surprising distance. We do not wish to take on any more
new problems than we must. Accordingly it will be well for us to begin with
long-tailed distributions which offer the minimum of doubt as to what should be
taken as the ‘“true value”. If we stick to symmetrical distributions we can avoid
all difficulties of this sort. The center of symmetry is the median, the mean (if
this exists), and the a % trimmed mean for all . (The a % trimmed mean is the
mean of the part of the distribution between the lower a % point and the upper
a % point.) No other point on a symmetrical distribution has a particular claim
to be considered the “true value”. Thus we will do well to begin by restricting
ourselves to symmetric distributions.

Should we consider all symmetric distributions? This would be a counsel of
perfection, and dangerous, since it would offer us far more flexibility than we
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know how to handle. We can surely manage, even in the beginning, to face a
single one-parameter family of shapes of distribution. Indeed we may be able
to face a few such families. Which ones will be most effective? Experience to date
suggests that we should be interested both in families of shapes in which the
tails behave more or less as one would expect from the remainder of the dis-
tribution (conforming tails) and in families in which the tails are longer than
the remainder suggests (surprising tails). The latter are of course peculiarly
applicable to situations involving occasional causes of moderately rare occur-
rence.

What one-parameter families of distribution shapes with conforming tails
should be considered? And will the choice matter much? We may look for candi-
dates in two directions, symmetric distributions proposed for graduation, and
symmetric distributions which are easy to manipulate. The leading classical
candidate consists of:

(al) the symmetric Pearson distributions, namely the normal-theory dis-
tributions of Student’s ¢ and Pearson’s r.

The only similar system worth particular mention is:

(a2) N. L. Johnson’s [1949] distributions, which, in the symmetric case,
are the distributions of tanh N/é or sinh N /8, where N follows a unit normal
distribution, and é is an appropriate constant.

While the symmetrical Johnson curves are moderately easy to manipulate in
various circumstances, even more facility is frequently offered by what may be
called the lambda-distributions, viz:

(a3) the distributions of P* — (1 — P)* where P is uniformly distributed
on (0, 1).

(It is possible that it would be desirable to introduce a further system of sym-
metrical distributions obtained from the logistic distribution by simple trans-
formation.)

While the analytic descriptions of these three conforming systems are quite
different, there is, fortunately, little need to be careful in choosing among them,
since they are remarkably similar (personal communication from E. S. Pearson
for (a2) vs. (al) and Tukey, 1962 for (a3) vs. (al)).

The extreme cases of all of these symmetrical families will fail to have certain
moments; some will fail to have variances, others will even fail to have means. .
It is easy to forget that these failures are associated with the last e of cumulative
probability in each tail, no matter how small ¢ > 0 may be. If we clip a tail of
probability 107 off each end of a Cauchy distribution (this requires clipping in
the vicinity of £ = =2:10%), and replace the removed 2.107* probability at any
bounded set of values, the resulting distribution will have finite moments of all
orders. But the behavior of samples of sizes less than, say, 10 from the two
distributions will be practically indistinguishable. The finiteness of the moments
does not matter directly; the extendedness of the tails does. For distributions
given in simple analytic form, infiniteness of moments often warns of practical
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extendedness of tails, but, as the infinite moments of
dF = [(1 — 107%)(2x) e + 107°(4/x) (1 + 2°) Y d=

show in the other direction, there is no necessary connection. A sure way to
drive ourselves away from attaching undue significance to infinite moments, and
back to a realistic view is to study some one-parameter families with finite
moments which converge to infinite-moment cases. These are easy to find, and
include
(bl) the distribution of tan X, where (2/x)X is uniform on (—0, +6)
for 0 < 0 < 1 (as 6 — 1, this goes to the Cauchy distribution)
(b2) the distribution of (1 — P)™ — P, where P is uniform on (¢, 1 — ¢)
for 0 < € < 0.5 (as e — 0, this goes to a rough approximation to a Cauchy
distribution).
(Note that all distributions satisfying (bl) and (b2) have all moments finite.)

Beyond this we shall want in due course to consider some symmetrical dis-
tributions with surprising tails (i.e., some which have longer tails than would be
expected from the rest of the distribution) . Here we might consider, in particular:

(cl) contaminated distributions at scale 3, with probability element

(1 = 0)@m) 7™ + 0137 (20) e} ay,
(¢2) contaminated lambda distributions such as
(1 = 0)[P** = (1 = P)**| + 6flog P — log (1 — P)]
and
(1 —6)[log P — log (1 — P)] + 6[(1/P) — (1 — P)™].

There is no scarcity of one-shape-parameter families of symmetrical distribu-
tions which are reasonably easily manipulated and whose behavior can offer
valuable guidance.

Once we have a reasonable command of the symmetrical case, at least in a
few problems, it will be time to plan our attack upon the unsymmetrical case.

14, Trimming and Winsorizing samples. In the simplest problems, those
involving only the location of one or more simple random samples, it is natural
to attempt to eliminate the effects of ‘“wild shots” by trimming each sample, by
removing equal numbers of the lowest and highest observations, and then pro-
ceding as if the trimmed sample were a complete sample. As in all procedures
intended to guard against ‘‘wild shots” or long-tailed distributions, we must
expect, in comparison with procedures tailored to exactly normal distributions:

(al) sonie loss in efficiency when the samples do come from a normal dis-
tribution,

(a2) increased efficiency when the samples come from a long-tailed dis-
tribution.

An adequate study of the effects of trimming naturally proceeds step by step.



