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A method for computing the likelihood of a set of sequences assuming a phylogenetic network as an evolutionary
hypothesis is presented. The approach applies directed graphical models to sequence evolution on networks and is
a natural generalization of earlier work by Felsenstein on evolutionary trees, including it as a special case. The
likelihood computation involves several steps. First, the phylogenetic network is rooted to form a directed acyclic
graph (DAG). Then, applying standard models for nucleotide/amino acid substitution, the DAG is converted into a
Bayesian network from which the joint probability distribution involving all nodes of the network can be directly
read. The joint probability is explicitly dependent on branch lengths and on recombination parameters (prior prob-
ability of a parent sequence). The likelihood of the data assuming no knowledge of hidden nodes is obtained by
marginalization, i.e., by summing over all combinations of unknown states. As the number of terms increases
exponentially with the number of hidden nodes, a Markov chain Monte Carlo procedure (Gibbs sampling) is used
to accurately approximate the likelihood by summing over the most important states only. Investigating a human
T-cell lymphotropic virus (HTLV) data set and optimizing both branch lengths and recombination parameters, we
find that the likelihood of a corresponding phylogenetic network outperforms a set of competing evolutionary trees.
In general, except for the case of a tree, the likelihood of a network will be dependent on the choice of the root,
even if a reversible model of substitution is applied. Thus, the method also provides a way in which to root a
phylogenetic network by choosing a node that produces a most likely network.

Introduction

Probabilistic data modeling is one of the most powiewed in part as a combination of different treelike his-
erful and efficient approaches to molecular sequentwies. Algorithms for constructing phylogenetic net-
analysis (Durbin et al. 1998). Among the many virtueworks have been developed on the basis of both pair-
of statistical model building is the possibility of assignwise distances and parsimony criteria (Bandelt and
ing likelihoods that allow one to evaluate and discrimbress 1992, 1993; Bandelt et al. 1995). von Haeseler
inate competing hypotheses for how an observed datad Churchill (1993) provided a framework for evalu-
set arose. In phylogenetics, likelihood methods were agting likelihoods of binary sequences related by net-
plied first to gene frequency data (Edwards and Cavallivorks. However, a general procedure for statistically as-
Sforza 1964) and subsequently also to molecular ssessing a phylogenetic network is still lacking.
quences (Neyman 1971; Kashab and Subas 1974). How- Here we present a likelihood approach for arbitrary
ever, it was not until Felsenstein’s (1981) work that phylogenetic networks based on directed graphical mod-
general and practical procedure for calculating the likels. Our approach generalizes the approach of Felsen-
lihood of a set of sequences related by a hypothesizsetin (1981), including it as a special case when the
evolutionary tree became available. network in question is a tree. This enables the direct

In recent years, it has become evident that mampmparison of both trees and networks on a statistically
data sets from fields as diverse as epidemiologpund basis. Furthermore, given suitable network search
(Holmes, Worobey, and Rambaut 1999), population gprocedures, it opens the way to inferring maximum-like-
netics (Oota et al. 1999), genomics (Lake, Jain, and Rihood networks.
vera 1999), early evolution (Doolittle 1999), etc., exist  The rest of the paper is organized as follows. The
for which the evolution of the sequences cannot propemhext section gives an overview of directed graphical
be represented by a tree. Due to recombination and horedels, a powerful framework for describing complex
izontal gene transfer, multiple sources may contribute systems of statistically correlated random variables.
a single gene. In these instances, the underlying stridext, we show how the approach of Felsenstein (1981)
ture of the data can be represented by phylogenetic nesn be conveniently restated in terms of graphical mod-
works (Bandelt 1994; Dress, Huson, and Moulton 1996¢ls of sequence evolution and how the likelihood of a
These networks extend the concept of trees and canttee can be obtained within this framework using a var-
iant of Markov chain Monte Carlo sampling. Subse-
(guently, the model is generalized to arbitrary phyloge-
netic networks. Finally, using this method, we investi-
agate a viral data set.
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Fic. 1.—Bayesian network describing probabilistic dependences
among variables Cloudy, Sprinkler, Rain, Wet Grass.

correlation between these variables. If the graph is di-
rected, then the edges represent conditional dependen-
cies, and one has what is known as a directed graphical
model. These models are also known as Bayesian net-
works, influence diagrams, or belief networks (Russell
and Norvig 1995). Graphical models constitute a mod-
ular high-level language that alow one to explicitly rep-
resent the dependences or independences between vari-
ables while ignoring numerical details. At the same time
they provide a clear framework for quickly deriving any
underlying probabilistic equation of interest and for
computing corresponding probability distributions. The
theory of graphical models is highly developed (Jordan
1999; Pearl 1988). They have been applied to numerous
problems in applied mathematics and engineering, es-
pecially in machine learning and artificial intelligence,
where graphical models encode uncertain knowledge in
expert systems. An annotated bibliography on these
models has been collected by Buntine (1996), whereas
Krause (1998) provides an accessible tutorial.

We now consider a simple (and often used) ex-
ample of a Bayesian network (e.g., figure 2.1.2 in Jensen
1996) to illustrate some of the relevant features of these
objects. In figure 1, four nodes representing the variables
Cloudy (C), Sprinkler (S, Rain (R), and Wet Grass (W)
are connected to form a so-called directed acyclic graph
(DAG). Note that directed cycles are disallowed in a
Bayesian network so as to prohibit the possibility of a
node influencing itself through a chain of intermediate
nodes. The variables C, R, S, and W take on one of two
states (true, false). Also, each node is assigned a prob-
ability of observing a state at the node given the states
of the parent nodes, which we give in a table next to
the node. These probabilities form the basis for com-
puting the joint probability

Pr(C,R, S W)

= Pr(C)Pr(R|C)Pr(S|C)Pr(W|R S), (1)
i.e., the probability of observing a combination of states
assuming the specified probabilistic dependencies
among the nodes. Thus, in this example, the probability

of seeing wet grass for a cloudy sky with rain and no
sprinkler on is 0.5 X 0.9 X 0.8 X 0.9 = 0.324.

Not al states in the network may be known or ob-
servable at any given time. In this case, margina prob-
abilities for subsets of known states are obtained from
the joint probability by summing over al possible com-
binations of states for the unknown variables. For ex-
ample, if we could not observe R or S, we would obtain
the marginal probability

Pr(C, W) = ; 2 Pr(C, R S W), )

i.e., the likelihood of the observed states, taking into
account dependences among hidden variables. In this
way, the unknown variables R and S are eliminated from
the distribution. Thus, in our example, we see that the
likelihood of seeing wet grass when it is cloudy is (0.5
X 0.1 X 0.8 X 0.0) + (0.5 %X 0.1x 0.2x0.9) + (05
X 09 X 08 X 0.9) + (05 X 09 X 0.2 X 0.99) =
0.4221.

Computing the marginal probabilities generally
takes exponentia time in the number of unknown nodes,
as the number of terms in equation (2) increases expo-
nentially in the unknown variables. However, for special
kinds of networks such as trees, there exist economies
for computing these probabilities based on variable
elimination (Horner's rule) that rearrange the individual
terms in equation (2) for more efficient computation.
Unfortunately, in the general case, no simple savings of
this kind apply. Instead, it is usually necessary to apply
approximations, for example, Monte Carlo simulations
(Chickering and Heckerman 1997; Jordan 1999). Alter-
natively, it is aso possible to convert the belief network
into a secondary treelike structure (junction tree) and
then compute probabilities working with this structure
(Jensen 1996). However, the difficulty of finding an op-
timal junction tree remains.

Directed Graphical Models and Sequence Evolution
on Trees

Felsenstein (1981) introduced a framework for the
calculation of the likelihood of a set of DNA sequences
given atree as an evolutionary hypothesis. As we now
see, it is straightforward to trandate his framework into
a directed graphical model.

The underlying DAG is provided by rooting the
tree at a prescribed node and directing al edges in the
tree away from this node (see fig. 2a). The nodes of this
DAG are considered as variables with four nucleotide
states, and directed edges introduce dependences among
these variables. In particular, each node of the network
is assigned a nucleotide state X, y, z, ... , where states
of internal nodes (which usually correspond to unknown
sequences) are ancestral to the states observed at the
external nodes (which correspond to observed
seguences).

The directed graphical model also requires the pre-
scription of local node probabilities that specify the
probability of observing state x at a selected node given
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Fic. 2—Rooting (a) a tree and (b) an outer-planar graph at node
R to obtain a directed acyclic graph. Note that parallel edges all point
in the same direction, away from R.

D
C
the states of its direct parents. There are a variety of
models of sequence evolution that are suited to this task
(Lio and Goldman 1998). Describing the nucleotide sub-
stitution along an edge by a Markov process, they assign
a transition probability P, (K) that gives the probability
of starting in state x and observing state y after k sub-
stitutions. Note that in these models, P,(K) incorporates
corrections for multiple hits, and when k is large, the
stationary distribution is reached, i.e., Py/(k) = m, as k
- . Now, in the case in which a node has no direct
parent, i.e., it is the root node, the probability Pr(x) of
observing x equals m, (fig. 3a). If a node has a single
direct parent (fig. 3b), the probability Pr(x|y) of observ-
ing x given the parent state y is the transition probability
Pyx(k,), where k, denotes the length of the branch to the
parent statey.

The likelihood of the observed sequences assuming
the tree is then calculated using the obvious generaliza-
tion of equation (2). Note that thisinvolves only asingle
column of a sequence alignment. To obtain the likeli-
hood of a complete alignment, the likelihoods of all sites
are multiplied together, assuming independence of sites
(Felsenstein 1981; Felsenstein and Churchill 1996). To
reduce the complexity of the summation involved in
computing the likelihood, Felsenstein applied a variable
elimination scheme (“ pruning”) based on using a pos-
torder traversal of the nodes in the tree. For an arbitrary
DAG, however, there is no obvious generalization of this
procedure. In the present paper, we resort to Monte Car-
lo simulations to compute the likelihood. This class of
approximations is known to provide accurate results
(Chickering and Heckerman 1997). Unfortunately, the
amount of computer time needed for convergence can
still be very large. We are currently exploring alternative
and more efficient computation schemes applying other
approximation techniques and using, e.g., junction trees
that will be published elsewhere. Here we will briefly
review Gibbs sampling (Gelfand and Smith 1990), a
simple stochastic procedure that we will employ in this
paper.

Luckily, it turns out that only a minor fraction of
the terms in the likelihood summation (eg. 2) contribute
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Fic. 3.—Components of the directed graphical model used to
compute the likelihood of data related by a phylogenetic network. For-
mulas are explained in the text.

significantly to the overall likelihood, thus making it
possible to approximate the likelihood by summing only
these terms. To detect the combination of states at the
unknown nodes that contribute most to the likelihood, a
search procedure that visits the most important combi-
nations is necessary. Stochastic procedures like Gibbs
sampling are suited for this purpose. Basically, we start
from a random assignment of nucleotide states at the
unknown nodes, computing its probability using the
joint probability distribution (eq. 1). Subsequently, one
of the internal nodes is selected at random, and its cur-
rent state is replaced by drawing a new state from its
distribution conditional on the current states of al the
other nodes, again using equation (1). This replacement
procedure is repeated as often as desired. It is possible
to show (Gelfand and Smith 1990) that in this way a
series of combinations of assignments of states to the
internal nodes is generated, such that their frequencies
in the chain are proportional to their importances in the
sum in equation (2). Thus, al important combinations
of states are eventually visited. They are stored for com-
putation of the overall likelihood.

Before going on, we should make it clear that al-
though the above discussion on directed graphical mod-
els was based on DNA sequences, it can also be applied
to protein sequences, making the appropriate changes
where necessary.

Likelihoods for Phylogenetic Networks

Considering the previous discussion on trees, it is
clear that we could, in theory at least, assign likelihoods
to a data set related by any given network representing
an evolutionary hypothesis, as long as we could find a
way to convert it into a directed graphical model. How-
ever, rather than considering this process in full gener-
ality, we concentrate on computing likelihoods for phy-
logenetic networks, a special class of networks that have
been successfully used in phylogenetic analysis which
are amenable to this technique.

Given a set of taxa, it is natural to consider bipar-
titions or splits of the taxa. For example, if the taxa A,
B, C, D, E are analyzed, it may turn out that there is
clear evidence (coming from, for example, distance or
parsimony considerations) for separating the groups A,
B, E and C, D. Phylogenetic networks are graphs that
can be used to represent collections of splits derived
from the sequences in question (Bandelt 1994). If a set
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Table 1
Classes of Phylogenetic Networks

Network Properties

Constraint on Splits Maximum No. of Splits

Planar, each node has ex-
actly one direct parent

Planar, nodes have one or
more direct parents

In genera nonplanar,

Outer-planar graph . .. ..

Mediangraph .........

nodes have one or more

direct parents

Must be compatible 2n — 3
n

Must be circular (5)

No constraint 21— 1

NoTte.—The maximum number of splits includes the n trivial splits. See also figure 4 and appendix B.

of splits derived from the taxa is compatible, the rela-
tionship among the taxa can be represented by a tree
(Buneman 1971), and so trees are in particular examples
of phylogenetic networks. However, if this is not the
case, then phylogenetic networks represent sets of con-
tradicting splits by hypercubes. Note that thisisin con-
trast to consensus procedures in which contradictory or
incompatible splits are dropped in order to arrive at a
tree structure (Margush and McMorris 1981). As a re-
sult, phylogenetic networks can be rather complex ob-
jects falling somewhere between the extremes of being
atree or a hypercube.

In table 1 and figure 4, we present some simple
phylogenetic networks. Note that a collection of parallel
edges in a given network corresponds to a split repre-
sented by the network. Moreover, parallel edges are all
assumed to be assigned the same length. In case the set
of splits derived from the data is circular—as is quite
often the case for molecular data when using the pro-
gram SplitsTree (Huson 1998)—the relationship be-
tween the taxa can be visualized by a planar phyloge-
netic network, called an outer-planar graph (A. W. M.
Dress and D. H. Huson, personal communication).
Please refer to appendix B for a brief review of these
terms.

We now show how a directed graphical model can
be constructed for an outer-planar graph in a way that
naturally generalizes the one that we used for trees, not-
ing also that this method can be performed for arbitrary
phylogenetic networks.

We begin by turning our given outer-planar graph
into a DAG. To do this, any vertex is selected as a root
node, and all edges are directed away from this node
(see fig. 2b). It can be shown that in this way we pro-
duce a DAG in which (1) the root node is the only node
that is a source, (2) the terminal nodes are the only
nodes that are sinks, and (3) parallel edges are assigned
the same direction. Note that from the biological point
of view, it not only makes sense to have a unique root

B D B D B D
a) b) c)

Fic. 4—Examples of phylogenetic networks for taxa A, B, C, D.
(a) Tree. (b) Outer-planar graph. (c) Median network. Note that parallel
edges, i.e., edges corresponding to the same split, have equal lengths.

node, but assigning the same direction to parallel edges
having—per definition—the same length is also plausi-
ble. In particular, the direction of an edge indicates the
flow of information from one sequence to another, and
for a given split, information flows uniformly from one
group of related sequences to the other.

We now explain how to assign local node proba-
bilities to the DAG we have obtained. In a network, a
node can have several direct parents. Therefore, we need
to extend the assignment of local node probabilities giv-
en for atree to the case of two or more parents (fig. 3c).
We present the case with two parents, the generalization
to three or more being clear. We define the probability
Pr(x|y, z) of observing state x given states y and z to
be p,Py(k) + pPA(k), where p,, p, denote the prior
probabilities that the node in state x is influenced by the
direct parent in state y, z, respectively. This choice of
assignment of probabilities has the advantage of gen-
eralizing easily to an arbitrary number of parents and of
having a clear Bayesian interpretation.

The prior probabilities are also easily interpreted as
recombination parameters. For a sequence of a given
length, they denote the proportion of sites stemming
from one of the parents. We note that these parameters
are not derived from the underlying phylogenetic graph.
In contrast, they are to be estimated from the sequence
data. As a consequence, the maximum-likelihood value
for a given data set related by a network is always at
least as high as the largest likelihood value of a tree
embedded in the network. This can be seen by appro-
priately setting the prior probabilities to O or 1. If esti-
mation of priors is not feasible and no additional infor-
mation on the preference of parentsis available, we sug-
gest using uniform priors (p, = p, = %). This is rea-
sonable not only because the strength of the correlation
is aready described by the branch lengths k, and k,, but
also because the two parents share a common ancestor
themselves, and the distances of the node in state x to
that common ancestor through any path involving one
of the parents are identical, as parallel edges in the net-
work are of equa length. Thus, no path is preferred to
arrive at the common ancestor.

The likelihood of a network can then be computed
by marginalization of the joint probability (eq. 2), using,
e.g., MCMC sampling to approximate the sum. Note
that in contrast to the specia case of an evolutionary
tree (Felsenstein 1981), even if a reversible model of
substitution is used so that m,P,(K) = m,P,,(K) applies,



Table 2
The Four Best Trees for the HTLV Data Set
Log

Tree Likelihood
((L76045, L26585), L76050, (L76054, D13784)) . ... .. —1,505.88
((L76045, L76050), L26585, (L76054, D13784)) . ..... —1,507.65
((L76045, L76050), L76054, (L26585, D13784)) . ... .. —1,508.66
((L76050, L76054), L76045, (L26585, D13784)) . ..... —1,516.64

the likelihood can vary depending on the location of the
root (a fact that follows from the construction of the
local node probabilities and the sum used for computing
the likelihood).

Before we close this section, we end with a word
of caution. Even though it is stated above that we could
possibly use this approach for computing the likelihood
of arbitrary networks, this could, in general, lead to sev-
eral problems. For example, even if we drop the con-
straint that parallel edges should have equal lengths for
a phylogenetic network, problems with multiple maxima
of the likelihood function can occur (data not shown).
Moreover, in the general case, it is not at al clear how
networks should be unambiguously rooted or how prior
probabilities should be assigned to parent nodes.

HTLV Data

Using the method presented in the previous sec-
tions, we analyzed a data set consisting of five nucleo-
tide human T-cell lymphotropic virus (HTLV) sequences
of 930 sites. The data encode a fragment of the envelope
surface glycoprotein 46 (GP46) gene (GenBank acces-
sion numbers L76054, L76050, D13784, L76045, and
L26585). Using PUZZLE, version 4.0.2 (Strimmer and
von Haeseler 1996), estimates for the parameters of the
Tamura-Nei model (Tamura and Nei 1993) were ob-
tained (transition/transversion parameter k = 12.52, Y/
R transition parameter T = 0.35), and a maximum-like-
lihood distance matrix was computed. Subsequently, the
15 possible tree topol ogies for five sequences were eval-
uated with PUZZLE. Using the distance matrix, a phy-
logenetic network was inferred using the program
SplitsTree, version 2.1.1 (Huson 1998).

The list of the four best trees, along with their cor-
responding likelihood values, is shown in table 2. The
outer-planar network is displayed in figure 5. Note that
each of the four best treesis contained (as a subnetwork)
in the network. As a basis for computing the likelihood
for a network of the sequences and for inference of cor-
responding maximum-likelihood branch lengths and re-
combination parameters, the network shown in figure 6
was selected. This simplified network captures the es-
sential nontreelikeness of the data while focusing on the
strongest phylogenetic signal in the data. Its simplicity
also helped usto perform the necessary computation and
optimization in short time on a microcomputer.

To assess the accuracy of the Monte Carlo simu-
lations we first recomputed the likelihood of the maxi-
mum-likelihood tree (log L = —1,505.88) using Gibbs
sampling (chain length 1,200) and recovered exactly the
same log likelihood calculated by PUZZLE. Then we
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L76050

L26585

Fic. 5.—Split decomposition network for the HTLV data set. Se-
quences are labeled by their GenBank accession numbers. Branch
lengths are given in nucleotide substitutions per site.

used the same technique to compute the maximum like-
lihood for the network using sequence L7650 as out-
group and placing the root at node R1 (fig. 6). After
optimizing the branch lengths and the prior probability,
alog likelihood of —1,500.32 was obtained. Therefore,
adifference in likelihood of several orders of magnitude
was observed, favoring the maximum-likelihood net-
work over the competing tree (log L = —1,505.88). This
is astonishing, as the network graph selected for the
computation does not include the maximum-likelihood
tree but only the second- and third-best trees. Unfortu-
nately, a comparison using a Kishino-Hasegawa-Tem-
pleton test (Templeton 1983; Kishino and Hasegawa
1989) could not detect a significant difference in like-
lihood on a 5% basis between the network and the max-
imum-likelihood tree. However, this is probably not sur-
prising, given that the four best trees are also not sig-
nificantly different and that the data set contains only
49 variable positions (4.2% of al sites).

As the likelihood of a phylogenetic network de-
pends on the choice of root, for this example nodes other
than R1 were aso tested. For example, when the node
R2 was chosen, the log likelihood of the network was
—1,501.12. Thus, it makes sense to choose as a root
some vertex that maximizes the likelihood. In fact, from

L76050

L76045 000331

0.00224
R1

0.00182 L76054

0.00276

0.00507

0.00439

R2

p=0.473
0.00471

0.02074
D13784

L26585

Fic. 6.—Network selected for the analysis of the HTLV data
Branch lengths and the prior p are maximum-likelihood estimates ob-
tained using root R1 (log L = —1,500.32).
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an embedding of the investigated sequences in a larger
network produced with SplitsTree, it was seen that node
R1 was biologically preferable (data not shown).

Discussion

We have presented a likelihood approach to phy-
logenetic networks. The procedure is based on a directed
graphical model for the evolution of sequences aong a
network and is applicable to sequences of any alphabet
(nucleotides, amino acids). If the underlying evolution-
ary hypothesis is a tree, the approach of Felsenstein
(1981) is recovered. This opens up a variety of possi-
hilities for the statistical analysis of networks. Most im-
portantly, assigning likelihoods to networks allows com-
parison with competing evolutionary tree/network hy-
potheses on a statistically sound basis. In addition, it
provides a method for determining an optimal root for
a given network and for estimating corresponding
branch lengths and recombination parameters from the
data using the maximum-likelihood principle. We have
exemplified this using a viral data set.

In addition, parameters for the model of substitu-
tion and rate variation can be optimized on the basis of
a network, and ancestral sequences at internal nodes can
be inferred (Yang, Kumar, and Nei 1995). A series of
stetistical tests using the likelihood ratio (Huelsenbeck
and Rannala 1997) or parametric bootstrapping (Gold-
man 1993) are applicable. The method could also be
used to detect recombination events (Grassly and
Holmes 1997). Finally, the structure of the network can
be directly inferred from the data using, for example,
procedures similar to that of learning general Bayesian
networks (Buntine 1996; Krause 1998; Jordan 1999).
Essentially, this amounts to devising search strategies
similar to those employed for computing maximum-like-
lihood trees (Swofford et a. 1996; Larget and Simon
1999).

The current maximum-likelihood framework pro-
vides a unification of the theory of evolutionary trees
with that of phylogenetic networks. Thus, networks no
longer stand apart when a probabilistic treatment is nec-
essary. Interpretation and understanding of phylogenetic
networks is therefore greatly improved. However, to ren-
der analysis of large data sets possible, more work has
to be done to improve the marginalization procedure and
to explore suitable network search methods.
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APPENDIX A
Computer Programs and Data Set

Calculation of the maximum-likelihood values for
the example networks was done using PAL (Phyloge-
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netic Analysis Library), a Java package distributed by
K.S. from http://users.ox.ac.uk/~strimmer/pal/. PAL is
a collection of Java classes for use in molecular phy-
logenetics. For more information, please visit the web
page. The HTLV data set is available on request.

APPENDIX B
Mathematical Definitions

In this appendix, we provide some definitions con-
cerning split systems and outer-planar graphs, following
A. W. M. Dress and D. H. Huson (personal
communication).

1f Xisafinite set of cardinality n, then asplit S=
{A, A:= X — A} of Xissimply abipartition of X (into
two complementary nonempty sets). Two splits S, =
{A, A} and S, = {A,, A} are compatible if at least
one of the four intersections A; N A,y Ay N A, Ay N
A,, Ay N A, is nonempty; otherwise, they are incom-
patible. A collection of splits 2 is called “circular” if
there is an ordering X;, X, . .. , X, Of the elements of X
such that for every split SO X there exist p, g, with 1
<p5q5nands:{{xpixp+lv"' 1Xq}1X_{va
Xou1 oo X
Let G = (V, E) be a finite connected graph, let C
denote a set of colors, and let k : E — C be an arbitrary
edge coloring. Call k an isometric coloring if the num-
ber of colors occurring in every shortest path between
two vertices v, w [0 V is equal to minima number of
edges in any path from v to w, for all v, w 0 V. A pair
(G, k) consisting of a connected bipartite graph G and
an isometric edge coloring k is called a split graph.

Now, given a collection % of splits of X, a split
graph (G = (V, E), k : E - ), together with a node
labeling | : X - Vissaid to represent 2, if, for every S
= {A, A} O 3, the deletion of the al edges of color S
produces a graph consisting of precisely two compo-
nents, one containing all vertices labeled with elements
of A and the other containing all vertices labeled with
elements of A. A planar split graph G (i.e., one that may
be drawn in the plane without crossing edges) that rep-
resents 2, is called outer-labeled if al labeled vertices
of G are of degree one and incident with the unbounded
face of G.

All of the above concepts are tied together by the
following theorem.

THEOREM. 2, is circular if and only if there exists
an outer-labeled planar split graph that represents ..
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