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Rotoinversion axes

Sch�on�ies notation: none

Hermann-Mauguin notation: 3̄, 4̄, 6̄

Example (4̄ ∥ c): x , y , z −→ ȳ , x , z̄
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Image credit: F. Ho�mann, Faszination Kristalle und Symmetrie

https://link.springer.com/book/10.1007/978-3-658-09581-9


Rotoinversion axes

Only 3̄ is an independent symmetry element here
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Image credit: F. Ho�mann, Faszination Kristalle und Symmetrie

https://link.springer.com/book/10.1007/978-3-658-09581-9


Rotoinversion axes

4̄ is an independent symmetry element

6̄ is a simpler notation for 3 ⊥ m
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Image credit: F. Ho�mann, Faszination Kristalle und Symmetrie

https://link.springer.com/book/10.1007/978-3-658-09581-9


Examples of point groups
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H

H

O Water

point group: mm2

N

HH

H

Ammonia

point group: 3m



Crystal classes (selected)
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vanadinite (6/m)
hexagonal dipyramidal

spangolite (3m)
ditrigonal pyramidal

skutterudite (m3̄)
diploidal

Image credit: Masha Milshina, Christian Rewitzer, Robert Lavinsky (CC-BY-SA)

https://commons.wikimedia.org/wiki/File:Arizona_Vanadinite.jpg
https://commons.wikimedia.org/wiki/File:Spangolite-283007.jpg
https://commons.wikimedia.org/wiki/File:Skutterudite-176681.jpg


Crystal classes: all 32
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Image credit: F. Ho�mann
Faszination Kristalle und Symmetrie

https://link.springer.com/book/10.1007/978-3-658-09581-9
https://link.springer.com/book/10.1007/978-3-658-09581-9


Crystal systems
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Image credit: LibreTexts Chemistry (CC-BY-SA)

https://chem.libretexts.org/Bookshelves/General_Chemistry/Book:_ChemPRIME_(Moore_et_al.)/10:Solids_Liquids_and_Solutions/10.04:Crystal_Systems


Periodic patterns

Exp. Physics 5 � Solid State Physics, WS 23/24 Systematics of crystals: symmetry groups

M.C. Escher
Study of the regular division

of the plane with reptiles

M.C. Escher

Lizard

Copyright note: fair use
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Periodic patterns
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M.C. Escher
Study of the regular division

of the plane with reptiles

M.C. Escher

Lizard

Copyright note: fair use



Periodic patterns

M.C. Escher, Pessimist-optimist
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Copyright note: fair use



Glide planes
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Image credit: F. Ho�mann, Faszination Kristalle und Symmetrie

https://link.springer.com/book/10.1007/978-3-658-09581-9


More of the periodic patterns

M.C. Escher

Two lizards

Two types

of glide planes
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Copyright note: fair use



Types of glide planes

Glide plane a ⊥ b

translation by a/2

Glide plane c ⊥ a

translation by c/2
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Image credit: F. Ho�mann, Faszination Kristalle und Symmetrie

https://link.springer.com/book/10.1007/978-3-658-09581-9


Types of glide planes

Glide plane n ⊥ c

translation by (a + b)/2

Glide plane d ⊥ a

translation by (b + c)/4
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Image credit: F. Ho�mann, Faszination Kristalle und Symmetrie

https://link.springer.com/book/10.1007/978-3-658-09581-9


Screw axis

Screw axis
rotation + translation
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Image credit: F. Ho�mann, Faszination Kristalle und Symmetrie

https://link.springer.com/book/10.1007/978-3-658-09581-9


Screw axes
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31 and 32 imply
opposite rotations

Image credit: F. Ho�mann, Faszination Kristalle und Symmetrie

https://link.springer.com/book/10.1007/978-3-658-09581-9


Screw axes
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31 and 32 imply
opposite rotations

Image credit: F. Ho�mann, Faszination Kristalle und Symmetrie

https://link.springer.com/book/10.1007/978-3-658-09581-9


Material

chiral molecules and crystals
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Chirality
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Source: LibreTexts Chemistry (CC-BY-SA)

https://chem.libretexts.org/Bookshelves/Organic Chemistry/Organic Chemistry (LibreTexts)/05


Chirality
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Source: LibreTexts Chemistry (CC-BY-SA)

https://chem.libretexts.org/Bookshelves/Organic Chemistry/Organic Chemistry (LibreTexts)/05


Chirality vs. symmetry

Exp. Physics 5 � Solid State Physics, WS 23/24 Systematics of crystals: symmetry groups

Source: LibreTexts Chemistry (CC-BY-SA)

https://chem.libretexts.org/Bookshelves/Organic Chemistry/Organic Chemistry (LibreTexts)/05


Chirality of molecules
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Source: LibreTexts Chemistry (CC-BY-SA)

https://chem.libretexts.org/Bookshelves/Organic Chemistry/Organic Chemistry (LibreTexts)/05


Enantiomers

same chemical composition

same bonds

di�erent absolute con�guration
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L-glucose

levo

D-glucose

dextro



Quartz: the chiral crystal
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right
(P3221)

left
(P3121)

Many of the symmetry groups are chiral

Image credit: Didier Descouens (CC-BY-SA)

https://commons.wikimedia.org/wiki/File:Quartz Bresil.jpg


Experimental technique
circular dichroism
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Birefringence vs. dichroism
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Birefringence

splits light into two beams
typically without a�ecting color

Dichroic mirror

re�ects one color
transmits another

Image credits: Jan Pavelka, Eric Magnan (CC-BY-SA)

https://commons.wikimedia.org/wiki/File:Fluorescence in calcite.jpg
https://commons.wikimedia.org/wiki/File:DichroicMirrors.JPG


Di�erent colors
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Apatite crystal shows di�erent colors in polarized light

depending on the orientation

Image credit: Masha Milshina (CC-BY-SA)

https://commons.wikimedia.org/wiki/File:Apatite_crystal_anisotropy_03.jpg


Di�erent colors
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Apatite crystal shows di�erent colors in polarized light

depending on the orientation

Image credit: Masha Milshina (CC-BY-SA)

https://commons.wikimedia.org/wiki/File:Apatite_crystal_anisotropy_03.jpg


Linear and circular dichroism
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linearly polarized light
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Circular dichroism

di�erent absorption
for left and right

chiral crystals

Linear dichroism

di�erent absorption
for two polarizations

crystals with rotation axis

Image credit: Sci. Reports 9, 18169 (2019)

https://www.nature.com/articles/s41598-019-54356-y


Linear and circular dichroism
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Circular dichroism

di�erent absorption
for left and right

chiral crystals

Linear dichroism

di�erent absorption
for two polarizations

crystals with rotation axis

Image credit: Sci. Reports 9, 18169 (2019)

https://www.nature.com/articles/s41598-019-54356-y


Optical rotation
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polarizer

polarizer

sample

Image credit: Kaidor (CC-BY-SA)

https://commons.wikimedia.org/wiki/File:Polarimeter (Optical rotation).svg


Optical rotation
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L-form

rotation to left D-form

rotation to right

polarizer

polarizer

sample

Image credit: Kaidor (CC-BY-SA)

https://commons.wikimedia.org/wiki/File:Polarimeter (Optical rotation).svg


Inverted sugar
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rotation angles

normal syrup
positive rotation

inverted syrup
negative rotation

Image credits: S nova and Ibu (CC-BY-SA)

https://commons.wikimedia.org/wiki/File:Glass Half Full bw 1.JPG
https://commons.wikimedia.org/wiki/File:Kristalsuiker.jpg


Inverted sugar
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rotation angles

normal syrup
positive rotation

inverted syrup
negative rotation

Image credits: S nova and Ibu (CC-BY-SA)

https://commons.wikimedia.org/wiki/File:Glass Half Full bw 1.JPG
https://commons.wikimedia.org/wiki/File:Kristalsuiker.jpg


Space group symbol
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Image credit: F. Ho�mann, Faszination Kristalle und Symmetrie

https://link.springer.com/book/10.1007/978-3-658-09581-9


Final statistics
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Source: Wikipedia

https://en.wikipedia.org/wiki/Crystal_system


Person

Evgraf Fedorov
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Evgraf Fedorov
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Evgraf Fedorov
1853�1919

1864�1874: study in a military school,
work for the military

1874�1880: study at the Saint Petersburg
Technological Institute, revolutionary activities

1880�1883: study at the Mining Institute

1884�1894: geologist at the Turyinsky mines
(Ural region)



Fedorov stage
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All directions probed
on a single thin section

of the mineral

Image credits: Dr. Kilian Pollok (Uni Jena), Vadim Smalkov (CC-BY-SA), musoptin.com (fair use)

https://www.anmin.uni-jena.de/en/thin-section-preparation
https://commons.wikimedia.org/wiki/File:SV_8070_SV_13.jpg
http://www.musoptin.com


Fedorov stage
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All directions probed
on a single thin section

of the mineral

Image credits: Dr. Kilian Pollok (Uni Jena), Vadim Smalkov (CC-BY-SA), musoptin.com (fair use)

https://www.anmin.uni-jena.de/en/thin-section-preparation
https://commons.wikimedia.org/wiki/File:SV_8070_SV_13.jpg
http://www.musoptin.com


230 space groups
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Image credits: Fedorov, International Tables for Crystallography

https://link.springer.com/referencework/10.1107/97809553602060000100


230 space groups
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Image credits: Fedorov, International Tables for Crystallography

https://link.springer.com/referencework/10.1107/97809553602060000100


230 space groups
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Evgraf Fedorov
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Evgraf Fedorov
1853�1919

1864�1874: study in a military school,
work for the military

1874�1880: study at the Saint Petersburg
Technological Institute, revolutionary activities

1880�1883: study at the Mining Institute

1884�1894: geologist at the Turyinsky mines
(Ural region)

1889: developed the rotation stage

1891: classi�cation of 230 space groups

1896: elected member of the Bavarian
Academy of Sciences

from 1905: professor at the Mining Institute

William Bragg (1914):

�I have considered your method with great
interest. I �nd it so di�cult to describe a

structure in words... I will try to depict the
great lot of crystals I do in your way.�


